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By JOHN P. CAMPBELl, ltll(t _IARION O..'_,:|cKINNEY

SUMMARY

A summary o[ meth,d._.for makil_g dy_mmlc lateral stabil;ty
arm re_.ponse calculatiom_ aml fl_r e,s.timating th.e aerodyl_amic

stability deriratit,es required.[or axe i1_ these calculatiot_s ix pre-

sented. The proee,_.s'es o.f pelformi_g ealculatim_s qf the time

histories _( lateral motion,_, qf the period aml dampit_g fff these

motio_s, aml of the lateral utabillty boumlaries are pre._elded ax
a series of simple ,_'traiyht[orward ,_teps. l(.ristin(.I method.s'.for

estimati_g the xtabil;ty derh'at;r,..* ace xummariced amt, il_

some cases, simple 1_e : empirical.formuhcs" are prese_ded, llr:f-

eret_ee is also made to reports presel_tlng e.rperimeutal data

that should be use/ul ;r_ maki_tg e,_'timates of the deriratim_.
Detailed estimatint_ meth,ds are pre,_ented .[or Iou'-._'ub._,_ic-

,_peed conditiol_s bat ,Id!/ a brief discu._',_'io_ aml a li,_t o.[ refer-
eT_ce,s are giren .[or tralt,s'ol_;c- aml ._uper._onic-._'peed condithm,s'.

INTRODUCTION

])ynamic lateral stabilily has not reeeived widespread
attention in the past I)e('ause it has not, generally been a

serious prol)lem in the design of airplanes. Consideration

of dynamic lateral stability has recently I)e('ome more im-

portant, however, l)ccm_sc current design lren(Is toward the
use of low aspect ratio, sweepback, and higher wing load-

ing have, in many cases, h'd h) unsatisfactory (lynamic lat-
eral stability. Airplane designers are therefore finding it

necessary to make such calculations in connection with the

design and modification of airplanes. In many cases these
calculations are difficult, to perform for designers who have

had no previous experimwe in theoretical stability work
because most: of the pul)lished theoretical analyses are not

presented in a forIn thai is especially suited to the conq)u-
tation of dynamic stal)ility. The estimation of the stabUity

derivatives required in (lynamic stability calculations has
also been found to be difficult in many cases. Although

theoretical and experinlcntal data on these derivatives have

appeared in numerous put)lieations, no single publication has

presented methods for estimating the derivatives for all

types of airplanes.
One approach to a l)rcsentalion of metho(Is of cah_ulaling

stability and estimating stability derivatives in a form suit-

able for use by designers was made by Zimmcrman in
reference 1. Although this report has proved to be of valu-

able assistance to designers in making dynamic stability

calculations, recent trends in airplane design have caused its

Sttl_rsedes NACA TN 24(19, "Summary of Meth.ds for Calctlhding l)ynamic LaterM

an4.Marion O. McKinney, 1951.

usefulness to be seriously limited. For examl)h', the (,qua-
I,ions of reflwencc 1 do not inch_de the I)roduct-<)f-incrtia

terms which have 1)(,en sh()wn by rc(:ent studies to 1)c very

iml)Ot'_ant_ in some eases. (See ref(,ren(_es 2 and 3.) Xlore-
over, th(_ calculalion of lhc lime histories of lateral motions,

one type of ('alcul_lion that has bc(,n tim sul)jeel, of increasing

interest, in the ]_st few years (rcferen<;es 4 to 7), is not covered
in reft,t'(,t_ce 1. The n_etho<ls of cslintaling sial)lilly <teriva-

tires presented in r(ffcrence I are also limited because they

tq)l)ly only to airl)lanes having unswept wings with an aspect
rail<) of 6 and ol)erath_g at Sl)ceds at which compressil)ility

effects ave negligible. The purl)osc of the 1)resent rcl)ort is
lo exlen(I Ihe mc, t hods of reference I to intqudc the metho(ts

of computation which are of current inlcrest to designers
anti to include methods of estinmting (lerivalives for con-

figurations and flight conditions which arc now 1)eing
considered.

This ref)ort summarizes and reduces to siml)le straight-

forward st,cl)s methods fay cOral)sting the time histories of

lalcvM motions, the period and dan,1)ing of these motions,

and th(_ lateral shtl)ility boundaries. Existing metho(Is of

estimating stabilily deriv_alives f,w a variet.y of airplane

configuvat.ions ,_re sttnmiarized and, in santo cases simple
new empiri('al fornmh_s are present, cal. Rcferen('e is also

made to reports 1)resenting experimental data that shouhl t)e

useful in making est, imat.es of these dm'ivat, ives.

SYMBOLS

All forces an,1 moments are referred to the stability

system of axes which is detined in figure 1. The following
detinitions al)ply t_o the symbols except where they are
otherwise detincd:

m mass of airplane, slugs

S wing area, square feel

F wing mean chord, feet (b/A)

b wing span, fect

yd span of that part of wing that Ires tip
dihedral, feet

l fail length (distance fi'om (.enter of

prcssure of vertical tail to center of

gravity, measured paralM to longi-
tudinal stability axis; values of 1

must 1)e calculated for each angle

of atta(.k), feet

Stal)ility and Response and for Estimating Lateral Stability I)eriw_tivcs" by John l'. ('ampbeH
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];I<;URE 1. Tht! slability system of axes. AH'(),.vs in,|iealv positive dir(,etions <ff lIlOlfl(qlts,

fOl'(_(,s, :llld _tllgl(,s. '|'his systl,lll [)f tt×es is dei_iled _).s 9+n (l['tll()g+Jll:tl sysh,ill |ltlVillg the (Jrigill

i_t tilt, (_,'ll|_,t" of gravily and in wlli(+h the 7-axis is ill the I,lane of 8yllllllq'lrs a.nd l_t,HJelldiCtl-

lar to the relative wind, tim X-axis is in the phme ,ff symm, qr._ and perpendicular to the
7-a.xis, tklld tile Y-i_xis is Imr[)(,ll(lietlhlr to the ])l:tll_ of .%_ iltiil(,Iry+ At :t cotlstal/l a|lglel_[

attack, thc,-u, axes are fixed in the airphme.

h average fuselage height a! wing root,
feet

u, average fuselage width a l wing root,

feet

z_ vertical distance of quarter chord of

wing root chord from fuselag,,

('et|le|' lint,, posilive d<)wnwa|'d, feet
s noll([illlensional tilll(, ])zll'_itlll('|('l' })ased

on span (Vt/b)

7 longitt,ditml <listane,, rt,arward f|'om

airphme (_enter of .<r_vity to wing

aerodynat||ic cent er, I'.,(,t

d hmgitudinal distance from h,ading

edge of vertical tail ('herd to hot'i-

zontal tail aero(lynami(+ center, feet

(see fig. 6)
zu vet'ti(ml distance front horizontal tail

to 1)ase of verlicnl tail, feet (see

fi_. 6)

A
A

11

l

V

t" Xq)

]r zf)

]Vz

Kv0: = kx,,
• b

_+Z4)

A'z,, b

Kz =--=.4"z

]_TX Z

A. '{'_z
XZ _ tt 2 _

J_'X Z

Kt::::KX 2

t_X Z

K_>: :: Kz 2

Y

C¢

h,.ight of <'<.nte|" of p|'<+ssur_: of verti(.al

tail above h)ngitudinal stability axis ;
values of z must tm cal('uhtted for

ea<'h angle of att, a,+k, feet
asl)e(4 t'ntio

sw('el)l)a('k of wing quarter-¢,hord line,
(]('gl'e('s

tal)l,|" ratio (Tip <'her<l/Root ('l|o|'d);

also, differential operate|" in IaJplace
|tans fern|

(lihed|'|d 'raffle (h,gre,,s (set; sket(_h ,)f'
tig. 9)

,lihed,'nl nngh, of _ing tip, (h'gr(,,,s
time, s(,(.tmds

airspeed, feet per s(,<'(md

radius of gyration at)out prin(:ilml
hmgitudinal axis _f inertia, feet

radius of gyratiotl almut 1)rincil)a[
normal axis uf itwt'tia, t',,ot

radius of gyration aim|at .V-axis, f,',.t.

(_/*',-y <.,,_. _ t._,,+si._ ,7)

radius .f gyration about Z-axis feet

(7_'. _ <,,,s_ , +Z-,,: sin _ ,)

I)ro(hwt-of-in(wtia factor

((kz,,'e--kx+, "e)sin n cos 17)

angh; of att u(.k of l)|'i)|eipa[ h)ngittt(li-

nnl axis of inertia, (h'gr('('s (see lig. '2)
angle of ('limb, degr,,i,s (see fig. 2)

angle of atta(.k of lol,gitt|<litml body
axis, (h'gt'i',,s (see fig. 2)

angh, lwt, w(,<,n l)rin<ql)al longitudinal

axis of inertia and longit udi|,_d l)o<ly
axis, (h,gr(,es (st,,, fig. 2)

air density, slugs per (:|d)i(. foot

angle of bank, |'adians

angle of yaw, rat|inns

angle of si,h,slip, t'_ldians

/'oiling v(,h)eity, r, dians I)er second
(dcb/dt)
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-_ fTrence axis

Horizontal axis. l;

I:IGURE 2.--S3Sh'III I}f ttX('_ :LI/(I ll)lVlJhr r_'l_LtJoItshil) ill flight. Arrows iudieale positive

direct [Oll of ;ttli_lt,s. v =_ _.
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(D¢)o
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P_, P, ...1":

Xl,X2,X3vXa

D

P

r/'l/2

T

(7

#

L,

N,

Yc

(_lc

(_n c

('v c
CL

Co

C,

C.

Cy

q

yawing v,,lo(.itv ra, lians I)er second

(d4,/"dt)

initiiM nnFh, of bank, radia,ns

initial an_zl, of y,v,v, n.lians

initial nnglc of si(h'slil), ra,lians
nomlimensiotml initial rolling velocity

(d¢,/d a )

nondimcnsi,)nal initial yawing veh)city

(dJ//d o )
Routh'._ ,lis('rimimmt or real l)art of

(!omph_x root R + Ii
imagitmry part of conq)h'x root R-[-Ii
coefficients of the characteristic 1)i-

quadrnti(' equation

factors of the B, C, and 1) eo(_ffhdcnts

roots of ('haracteristie t)i(lmulratic

V(lmltion
differential operator (d/dr)

1)crio(I of the lateral oscillation, seconds

time to damp to one-half amplitude,
sCCOlldS

time conversion factor (m/pSl')

non(limcnsi(mal time fa.ctor (Ur)

relative density factor (m,/pSb)

imlweSscd rolling moment, foot-pounds
impressed yawing moment, foot-

l)OmMS

imi)resscd lateral force, pounds

impr,,ssed rolling-momcnt coefficient

inq)rcsscd yawing-moment coefl%ient

impressed lateral-force coefficient
lift coefficient (Lift/qS)

drag (,oefficicnt (Drag/qS)

rolling-monwnt coefficient

(Rolling moment/qSb )

yawing-moment coefficient
(Yawing momcnt/qSb )

lateral-force eocfficient

(Lateral force/qS)

dynami(, pressure, pounds per square

foot(lp' "2)

O r_
CL,= Oa

( _1 '2

('Do_(_l)-- ff £_,

(_ --
I p --- pb

0 '21 _

(r

(:'" t,-- pb
02i"

pb
0 "2-V

_)(?z
Ct,= rb

O 2V

O(Y,
C. = rb

O 2V

c3Cy

(r_-- rb

n_= 2Kz2

lv=4Kx?

T

n_ = 4Kz._
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(At '%),

H

ao

Subscrit) ts:
wing

S?I.,,.

tail

des iv I_

data

exp

V-tail

(_

II

increment in C,,j, t)ro(I,wed 1)y lift a ml
induced-drng forces

in,'rement in (',, prod,wed 1)y drag
not associate(l with lift

horizonta I tail

section lift curve slope

wing

fuselage

used to designate vertical (all
use(I (o designate d,sign under con-

sideration

used (o (h,signa((, (h'sign for which
fi)rcc-ies! data are available

experimental
V-tail

(,fleelive

horizontal tail

CALCULATION OF LATERAL STABILITY AND

RESPONSE

Various types of calculations may It(, p(,vfo,'m(,d to indicate

in some way the stability of an airl)lan(, or (h(, response t()
gust, distm'l)ances and control manipulations. The calcu-

lations most ('ommmfly ninth, are ('alculalh)ns of time iris-

tortes of disturbed motions, perio(1 an(l damping of the free

motions, and spiral and oscillatory stability bou)Maries (lines
of neutral (]aml)ing of the spiral mode anti of the lateral

oscillations). Stel)-l)y-step 1))'oce(hu'es for t)erfovming these
types of calculations art. ('xphdn(,(I in the text and derivations

an(l a(hlitional pertinent material are l))'(,senl(,d in al)l)emlixes
AtoD.

The period anti daml)ing (.Mculations are (he easiest of

the three types (o perform. For (his reason, and because th(,

dynamic lateral stal)ili(y of airplan(,s is at present specified
in the flying-qualities r(,quir(.ments in terms of the perio(l

and damping of the lateral oscillation, period and damping

calculations are l)rol)al)ly the most commonly l)erforme(l.

Recent dynamic stability work has in<licate<l, however,

that the l)eri<)d an(I damt)ing ('haracteristics of the free
motions of an airl)lan(, are not always a sufli('i(,nt indication

of wheth(,r (h(, dynamic l)ehavi<w <)f an ai)'l)lane following

various tyl)(,s ()f (listurl)an(.es will I)(, considered satisfactory.
For this reason the calculation of time histories of the

m()ti(ms of ai)'l)lanes is l)(,coming mort, (.ommon despite
the fact that these (.ah.ulalions are faMy lal)orious. The

in(T(,asing list, ()f alllOil|ati(, ('OlIlptllitll_ nlfl('lliIl(,s ]DIs also

matt(, the ,ah.ulalion ()f motions more I)OpUlar.

For ninny v('ars ('ah'ulati()nsof stability boundariesw(,re

the tyl)(' ()f calculation most commonly l)(,rf()rm('d. In
recent y('avs, h()wcv(,r, stability boun(laries have not |),'en

consi(hwed to give an a(](,(tllaI(, in([icati(m of stability.

Sin(.(, l)oun(hu'ies are useful in s<>me cases, how('ver, (for

eXaml)h' , f'()v qui('k approximation of the efl'(,<'ts of changes

in dihedral and (all area) the methods of (.ah.ulating the

spiral and ()s('illntor.v stability l)()un(laries 'u'e describe(l

herein, lanes of ('oIlstlIIlt period and damping of (h(, lateral

os(.illa(ion are relat(,(l to stability l)oundaries (lines of
neulral slal)ilitv). In some ('ases these lines of <'onstant

I)('vi<)d aml daml)ing may prov(, mort, useful than l)oundaries.
Since n() ('xtensive use has Ill,Oil IHad(' ()f lines of (.onstant

l)criod nn(I (laml)ing, however, the m('lho(Is of ('al('ulating

these lines (pres(,nt(,d in references S and 9) are not giv(,n
in th(' l)r(,sen[ r(,p()rt.

Th(, equatiol)s and m(,thods of ('alculati()n I)res(,nt(,d in

the presenl r(,po)'( deal specifi('ally with the inh(,ren( moll<ms

of airplan(,s f<)r the ('as(, of three (h'grees of fr(,(,dom (roll,
yaw, and sideslip) and linear stability (h,rivatives. In or[let

to l)erforll) similar calculations for ('as(,s involving additional
degrees ()f f)'('c(h)m, nonlinear derivatives, or aU(ol)ilo(s with

Iinl(' lag, sp(,cial ('<luations nre r'(,(luir(,({. Tlw nq(,lho(is and

e<luations f()r lr('aling these cases art' presonled in references

I0 to IS. A(hliti(mal degrees of fv(,('d()m for the ('ase of free
c()nirols ave t)('a(('(l in referen(,es 16 1o 1,_ anti f()r th(, case

of fuel sh)shing are treated in reference It). The use of

nonlin(,,w (h,rivativ(,s in s(al)ilitv c'd<'ulations is covcrc(l in

refer(,n('(, I I. Mctho(ls of h'eating [h(' ('[I'('('t ()f aul()l)ilots ,

in('lu(ling th(, (,ff(,('t of time lag in the .lUlol)ih)( , qre l)r('senle(l
in references I'2 to 15 and 19.

For some cases the ('If'eels of aero(lynamic time lag art,

important. Th(,r(, qre two different sour('(,s ()f su('h lag:

(1) (]1(, tim,, r(,quiro(I for an a(q'()(]vmmfic imlmls(, t() travel

from one ('()ml)()n('n( of th(, airl)hm(, (o an()th(,r (for (,Xalnph,,

the tim(, require([ f(w a chang(, in si(h,wash a( (he wing to

reavh th(, tail a l)[Wnom(,non COnlmonly ['('f'(,rr(,(] 1() as lag
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of sidewash); and (2) the lime r(,quiv(,d for lhe growth and

decay of the aero(lynanlic loads on the airplane comt)onents.

For both of these cases the lime-lag eff(,('Is usually lleeome

increasingly imporlant as the p(,vi(l(I of lhe laleral os(.illation
decreases. The eft'('('is of Ill(, li,'sl tS'l)e of lime lag ('all be

accounted for in some ('ases lly rood)ileal)on (tf the slat))lily

derivatives. F(tr example, lhe etr(,(.l of the lag of sidewash

on the derivalive (',,_ is dis(qlssed subsequently under the
section on "Estimalion of l,at(,val Sial))lily l)evivatives."

In many (.tls(,s, however, lmth types of time lag, will require
special stability (,quntions. N() general tr('ntmmll of these

cases has be(,ll l)ulllishe(I but an indi('ation of the method of

treatment may be obtaim,d fv(tln lhe [l'p,ltlllenis o[' aulol)ilot,

lag in refer(,n('es la tm(I 15.

CAL(_ULATION OF PERIOD AND I)AMPING

As pointed out in references I and 2, the 1)cried and damp-

ing of ilw vnvious nlo(h,s of lho laleval mellon may be c_]cu-

lated from lhe v(>ots of the (.har,wlevisli(, equation

by the equal ions

and

Ax4+lO,:_-_-('X' t DXq E--0

2
l'--i r

T_/.,= log_ 2 0.693
-- II r _ -- II r

where l_ repr(,s(,nts a real veer X or the real part of ,i eomt)lex

root X=l{±Ii and I represents the imaginary part of a

complex root. Negalive values of T_:,, represen! lit(, (line

required to (loullle amplitude for unstable modes of the
motion.

The values of the (.oefli(,ients A, B, (', D, and E may be

obtained by the method given in steps 1,2, and :_ of lhe sec-

tion on "Calculation of Motions." If 1he period and time

to damp are to be eah.ulated for a mmdl(,v of related eases,

however, the values of the eoefli('ienls A, H, (7, D, and Emay

be more (,onw,niently (.aleuhtt(,d by a tabular llV(>eedure such
as that shown as table [ for maMng boundary (,al(,ulations.

l'_iethods of determining the roots of the l>iqtmdratie

character)st)<, equation are l)veseni(,d ill alipendix C.

CALCULATION OF MOTIONS

Calculation of the laleral motions of an airplane involves

the integral)ira of three simul(aneous differential equations

(see appendix A) to obtain a general solution in terms of the

mass and aerodylmmie pavanl.elers of lhe airt)hme. The

general equations, (m(.e obtained, ('all th(,n t)(, used to obtain

numeri<'ally the motions of any nirplane in terms of the

vaviali(m with lime of the angles ()f bank, yaw, and sideslip or

some t'mwlion of lht'se angles su('h as rolling or 3,lwing

v(,loci_y. Various tnelhods, su('t_ _s _boso gJvol_ iI_ reforenl'es

20 to '2'2, are of ('mv'se availal)h, fo," integrating Ill(, differential
e(lualions. Sin(.e lit(, llvolllems met in aivl)lane dynamics are

ft_irly ('Oml)lex, howew'r, many of those methods are not

suital)le tle('ause of lhe diili('ullies of ('omt)utation that arise.

Th(, melhod given in vet'eren('e 4 (l/ased on the Ileavisi(le

opera(ional ('aleulus) is snlisfa('t(irv for (.,dc,ulating Ill(, l'oreed

moil(ms fClowing application of (,xt(,t'md f(it'('t,s or nmmenls
but., with(/ul, meal)Ill'alien, this m(,thod vanno! be (,sod ill

('a[(.ulate the motions resulting from initial displacements

in bank, yaw or sideslip ov from initial values of rolling or

yawing angular vole(qty. A solution based (m the lmplace
lransformtllion is more s_llisf_l(qorv lhan that. lmsed on Lhe

lh,aviside Ollerational (.,th'ulus ll(,('ause i! permits direct,

c_fleuhltion of the free m(ltio,s follmving any initial condition,

in addition to (.al('ulation of the for('ed motions following

apl)li(.alion (if exl.erual fo,'ces an(l moments. Tht, apf)li('ati(m

of the Imllla(_e t,'ansfol'mation 1o the ('ah.ulation of lateral

lnoti(ms is outlined in at)pemlix B. The material I)vesented

in this t_ppendix is similar to ill(, work l)t'(,sonte(l in references

5 and (i ex('el)l l,hat lhe mass and aerodynamh_ slallilit.y
(h,t'ivativ(,s have been (.emil)ned ,is shown in at)t)endix A

to reduce Ihe hum|let of arithm(qit,al and algellraie pro('esses

required in mmwvit'al solutions.

The l)rO(_('ss of (.alculating lhe motions is presented as a

series of simple i.hougll lengthy arilhnwtieal and algetlraic

Slel)S so that ,m un(lerstandilJg of the calvulus involved in

solving the (lifl'erenliM equations is not. reqnired. The
metho(I as shown is suitallle for (,ahmlating the motions as

variations of 4,, _k, 2, p, and ? with time for the case of the

free motions following initial nngular displacements (4,0,

¢'0, and rio) and angular velocities (D4,)0 anti (D¢,')o and for the
ease of the for(_ed motions resulting from constant iml)ressed

forces and mom(,nts (L_, :'_, an(l 1"_). Th(,se are the cases

for whi(,h mot, ions are usually eal(ml'_ted. It is also possible

to (.alculate the motions resulting from impressed forces

and moments which are arl/ilvary functions of time t)3' the

nletl)ods explained in references (i and 7.

MOTIONS RESIILTING FROM INITIAL ANGULAR DISPLACEMENTS AND

AN(-'ULAR VELOCITIES AND FROM CONSTANT IMP|IESSEI)
FORCES AND MO_IENTS

The six st.eps involved in obtaining a specific solution for

the lat.eral motions of an airplane are:

Step 1 : DeLermine values of the following parameters:

(a) Mass characteristics

m, _'x o, kz 0, _/, ,rod p

(b) Geometric chara('teristi(.s

S and b
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(e) Flight conditions

(d) Aerodynamic stat)ility derivatives

l', (_., and 3'

, _. ('l,, %, (v,, /_ (,_, and ()-

The methods of determining the values of the aerod3mamie stability derivatives are given in subsequent sections of this report.
In eases where iml)ressed forces and rnomer_ls are used as disturbanc(,s, determine the values of the fact:>rs

('_'c' ('"c' ('_'¢

that are appropriate to lhe I)arli('ular [)rol_lem.

Step 2: From the known factors, evaluate tit(, following l)aramelers which are lit(' slqbility (leriva.lives in llw form in
which they are used in the cah.ulati()n (>f m()/i_ms:

le--2tt'x2 _<7 1 (,

1 Ctv 1 C ll_'=4Kx_ 1_,,_4I_'z'2 '% Yp: 74_u ('r _,

1 l 1
I,=4Kx,, ('t "'_4I,_z _ (", Y_-- 4u ( 'v,

,hls()_ _vllt'll im[)resse(| forces _Xll(| momelils t_,re use(I, evtflua.te

lc: # (' z := # C% 12I£x'_ _o +_ -2Kz _ ?Ic_, 2 ('y_

_ 2
The vah,es of Kx 2, tiz, and Kxz can t)e delermim,d from the following eXl)ressi_,ns:

A'xZ=[X'x02 cos _ r/_- z." sin _ r/

Kze=Kz,, " cos _ _ +Kx,) e sin _

wh ere
Kxz--

Kxo-- kx°
b

Step 3: Solve for lhe values of lhe appropriate ones <)f the following coetlicien/s from equations (1) to (4):

In all cases solve for the values of A. B. ('. I) and E:

where

B-- 1'_ -- A ya

<-'_ C,_
D=: 1'._-_+P_ 2- tan _+1'_

p _± p
E= 3_-_ , tanv

(1)
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(2)

(3)

(4)

METHODS FOIl CAI_CISLATIN(_- LATEt'[AL STABILITY AND ESTIMATIN(] STABIIATY I)EIlJVATIVES

P7 -- I'AI_+ I'3y, + l'4y_-- P4

The quantities I'_ lo l'r are factors of the coefticienls B, C, I), and E which are comtfinations of terms that occur frcqmmtly
in _.alculations of molion_ resulting from initial an_zular displacements and vehwitios and which are conseqmmtly grouped

togolher for convenicm'e.
('alculale the wdm,s .f a0, a_, . . . an wlwn solvin_z for lhe angle of bank ¢ or the rolling vclocily p:

a1=6ol¢4 (DO)oA

a,. OJ '- B.I':, 4 (1)4)),,(-- A !1_ +-Kfl_--n _)-- (D¢)o(K_ i_--[r) @ [c-- neK_

'ta=4),,. ( 1'_; (6-)"tan V _' 1'7}--_,,)_ _ 1'.; (2-'Ltan y--_,P_ +(D¢)o I',;y_--P_--K=JdI_ ]-_ _q_)+(lJC/),(--l'sq_+

('t,

¢__--(--Ij,_+ , fl,_) -,_ tan

('ah.uhth. llw valm,s of b0, bl .... b,_when solving ['ov angle of yaw ¢ or the yawing velocity r:

b,,-- ¢,,A

b, -- CoB _-(Dg,),,A

b.: ¢oC--13,1'_;--(I)¢)o(h_l,,--_,,) F(1)c/)o(-Ay_+ Kl_,,-l_,)-l_tC_.+_,

,It,)b :_= -- 4,nl'a -2 + 4'_, t"_ '¢ + P7 -- 2,P_ + (I)q_),,(-- I'a!l, + IQl,!t_-- _ _!I_)-F(D_b)o(I'_.Y,--

(,
b_--[-- _,, l', + ¢,,,1",,- (D4,),,1'_+ (D ¢)oI'd _ + l_@_y, -_ ,,,z_)+ __(l,,!1_- O.z,,)-!z_ P_

b_= (/d'_-- n fl_) ( '_"

Cal(,ulate the wdu(,s ()f co, c_, . . . c_ when solving for the angle of sideslip _:

Co=f_oA

c,.c_=4,0A -t-¢0A _ tan y+_oP_+(D¢)oAy,--(D_)oA(y_--I)-t-Y_A

1
c.,=¢oP, C_ + C,. [- 2 _oP, _ tan _,+¢_0P_+(D4,)o A C_L-K:lvq_+K:lp+npY_--n"+(I(_I'-n_)!/P-+2" " z

F
v " _ , -(Kln_--l_)g,,_+l_(--K_y_+K..,-+--y_)+n_(y_--l--K_y,,)+g_P_(D_)o

L A 2 tail -_I_l,,pYr--ffll'p--lp,]r Tlp

c3= 4,o/'2 + ¢(, t'., _-C_tan _,+(D4,)o --Kfl_ _ tan _-Fn, -_- tan ._+K_l, :_--n_. 2 /

y,--n_ --n, y_ + _---K:-ff- tan q,)+C_ tan --l, C_ tan -IQ,,_ _+/_)+/_(% CL C_(D4,)0 (\K_ _, _ y-2- _'

{ CL • C_ tan _') + Yc P2n, k,--l, y_ +I_ + L y,,--K_ _2--f-_2-2

c,=l¢(nv CL _)+tt_(l_CL--1 _ tan "y)

_3_238 53 -2
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Step 4: Solve for tile roots X_, M,, Xa, aml M of the biquad-
ratio equation

AX4+BM+CM+DX-_. E=O (5)

where the values of the coetlicienls A, B, . . . et('. were

given t)y the solution of e(tuations (l). Mothods of deter-

mining the roots of the biqua(h'ati(_ e(tuaticm are given in
al)pendix C.

St el) 5: Use the coefficients obtained from equatimis (1)

to (4) and lhc roots of equation (5) to solve for the following
coefli('ient s:

Cah'ulate the values of the factors A,, zt: .... A_ when

solving for the angle of lmnk 4) or the rolling voh)city p:

A aoXlS+a.Qq4+a2kla+aaXl2-_ a.4kl + a_
'=6/1M_+SBXp+4CX,a+ 3DM:+ 2/¢M

a 5 4 3. 4 2 ,A -- oX._+ajh2 +a2X2 ,-aaX2 ±a4h., + a5

A a°X35+alXa4+a2X3"_4"-aaXa2+a4X:'-_an
3=6Ax3_ + SBk34 ÷ 4CX33 + 3 Dh_-_+ 21,.'_i

A aoX4_+alM4+a.,X4a+aaX4,_+a4X4_!_a5
':6Ax45 + SBX,_ +4CM_ ÷ 3DM2 + 2EX]

A a_

l (a4--asD)

(6)

Calculate the values of tim factors B, B:, . . . B_ when

solving for the angh, of yaw ¢_ or the yawing veh..ily r:

B boXP+b,Xp+boMa+baX(_+ b4M+b_
6A h£_'+ 5BX_4 q- 4CX(_+ 3DX,2+ 21_M

B boX_+ b_X_?+ b_M_-_ baM2_ b_x,, _ b_
_= 6,,t x? + s Bx j+4Px:? _ a Dx,? +,_, i:' x.,

B3 = boka a@ blJk34 [ b2Xa3_ - baX32@ b2,a+ b_
6AX3'_'+SBXa4+4CXa:'-t 3Dh3"+ 21fX:_

box_-I blX2+ b2_..13@buM2+ bA4 _ b5
B4 _ - ,

6AX45+SBX_4+4CX a w ,, i- ;+3DM-÷ 215X 4

b_
B_-- E

(7)

(_alcuhm, the values of the fa('lors (',. ('2 .... (_ when

solvi,,g for the angh, of sideslip fl:

c.X,'; _ clXl4-t c.,X, 3 t carl2-{ c4h,

t;A h, _'_5BXp--4('M:_+31)X_ _ _ 2EX,

(L coX2;'-_ c]X,,'-_ c.,h2:_+c:&._,2-_ c4X._,
ti,|h.:' ¢ 51{X24_.-4('X2a t 31)X22+2EX,

(,._: c,Aa('+c,Xz?+c&:_ :_i caha2 _ c4Xa
' 6.'lha:' t 5/]ka_-_ 4('Xaa4,-3DXa2+21£hs

(r C0)k4 5 _C1_'44-t - 2D'4 _(3A4 wC4X 4

_ 6.lh[' t 511X4_+4('k43-_ 31)X4_+2P]X4

(s)

If (,quation (5) has conjugate c(mq)h,x roots, the values of

th(' ('oefli('i('nts (,quations (6) to (81)) c.orrc,sponding to the,so
roots will I)e conjugat(, <.oml)lex. In ()r<hw to fa('ilitate
treatment ,ff this ease it is c,onveni,,nt to ,,stablish some

special notation. This special notation is exl)lained in
appendix 1).

Step 6: The equations of motion arc, written in diffm'ent.

form dept,nding upon tim roots of equation (5). If th,"
chara[qc.Hsli(_ P(luation has four real roots X_, X2, Xa, and M,

the general form of the equations of motion is used as follows:

r

i

T

If, as is gcmm'ally the case, equati(m (5) has two eonq)lex

roots and two real roots (R+ Ii, R--I.;, ),a, and M), tho oqua-
tions of motion may I)(, expressed as

4)= K_,' oR cos (a I-_-wA) +. 1:,e'_a + A ,e"q +/lw -_-.b,"

_k-- Kt, e"'e cos (a I + o_n)+ l/ae:"a:,-_ ILe_4 ! Bsa --[ ]_6

=-" K,,4 aR cos (O" [ + We)-_ ('3_/axa/1 (7.tPoX4-? ('5

'[ 12, "_ ( --_,+ta,,-, I)P:=r K"_ll_ + cos _I il +

AaX:¢'¢ "% } ,t4X_eoxa+,'l_]

r:-= _'ll _ 1" e"_ cos _rI i _.-_ tan-' +
r

Ba},a,:o_, _ 114)%e,,x4 + B_7
A

(lo)
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whPl'0

) 2K_=:2,,l,_ t 1A=

K.=-2x/}. _ t I. _

I(, ..... 2 _ llc=' t It"

l.I TM

w A -11111. 1 _]jA_

I [1¢

[c

(10'Q

aml /IA and l_ are deli,ml in apln'ndix 1).

If there are four rOllq)h'x roots (ll ! [i, II l;, If'-! ['i, anti

lt'--I'i), the ettunlit)ns are

IC,H _ ,.os (.[ _ o,,)+N,'e °'' ,.os (_I' t o_,')-F

A j, + Jl_

¢=K,,c +" cos (,,I _ o_,,)+K,,'H < (,os (_,I'+o_,,')+

/Cc__" cos (_I +o_c)+Nc' e"w ,'os (_rI' +o_c')-_ C_

E ( 4)P' r x.,sll" t I'_e°"eos _I: o_._-_tan i t-A.-,+ (1 1)

( ")1_I'_ o_.,' R'I{A's R ''_ _ I''_ _"' ros . -_ tan -_

( ")]tCJ_R'_+I'_e_R' cos o-I' Fo,,'+tan -_ R'

_,V ] | [* I'(_

K '--o "'R '2_I '_ IA'

KJ:2V'Rn '_ !:I,Y o_ ,=tan_ 1 I,'
IG'

I' C

_ r__ O ,,'t) )'_ i r_ °_c'_t'all-t [{c'
zl- C --_'_zt C _tC ....

(1 la)

The coe/fieietdsKa,/x_,,Kc, _A, coB,and _c aI'odefinedinequa-

tions(1 (In) and R t, L,, RA', and La' are deiined in appendix D.

Solve lhe appropriatt, ones of these equations of motion

(l_(llmtions (!)), (10), or (11)) by Stll)stiltHing values of (he

nondimensional tinl(, fartor _r in the equations and solving

for _,, _, _, p, or r.

MOTIONS RESUI,TIN(; FROM ARBITRABY DISTUIIBANCES

The mot:ions resulting front arbitrary forcing functions

can lie ot)lained from the motions resulting from constant

impressed for('es and moments l)y the methods ('xiIlained in
referent'es 6 and 7.

A very useful meqbod o[ obl**init_g Ow motion resulting

from vnri()us _brUl)l gust and (.(mtrol (lisiurlmn(.,,s is given

by ,hm(,s in r(,f(,r(,n(.(_ 7. In (his repor( i( is poitH(,(I out (h,(,

_allhough the ('Onll)On(,n( moiiol_s of un airpbl)w must lie

(',_h'uh_te(I simultnnt,ouslv (thal is, by sinlultnn(,ous dilt'er-
(,nlhtl e(luntions), lh(, (,[r(,(,is of ('Oral)Orient diSlUl'l)anres nlay

I)3" the prin(.it)h, of sup(,rposition Im rah'ulaled Selmral(,ly

and lnt(;r added in any desired l)roporlion. Thus, if n ffiv('n

rollin_ m(m.,n( rauses n 2t'l ° hank in 1 se('ond aml if a given

yawing tHomt,n( ('Ittts('s tl 5 ° batik irt I se('(m,I, the ('ond)irLe([

(,[t'e('l of both nrlin V simullant,ouslv will he .'t 25 ° I)nnl,: in t

serond. ,tOlWS n]so 1)oinls oul a somev,'lml similar I'n('l wilh

regard 1o the ett'(,(qs of dislurban('es ltnlt are not apl)lit'd

sinlultnneously. This fail is thal, if a given dislurlmnre
whivh ,irises ,I( lhe lira(, t 11is h/ler nuffm(,nl('d, lhe (,ll'evt_
of lhe in(,l'(ml(,nl of disturtmn('e will run its ('()urse inde-

l)endenlly of the efl',,cl ,d' the origi)ml dislurlmnre. For

examl)h, , in a I)rot)h,nl invob,,ing the ('orr(wlion for a gust

(lislm'tmn('(_ I)y _ nmnipulalion of l tw (_onlro], (lw motion

pl'odu('ed hy the gus( dislurllan('e can tie rah'ulale(I imle-

I)(m(hmlly nml the moli(m (',ms(,(l t)y the assumed ('orrertive
(,onl rol manipuhttion can lie ad(led to it, al any (lesircd iioint.

This examl)h, is illus( rnl(,d graphi(.ally in tigure 3.

The l)rintql)le of SUl)erl)osilion may lie at)plied analyii('ally

t_s well as gr_q)hi('ally. The analyti('al uppliration whi('h

lnal<es us,, of Cnrson's inl(,gral or 1)uhamtd's integral is
(h,s('rihed in ref,,r(,n(.es 7 _md 23. This m(qhod is useful for

('ah'ulating the motions resulting from impressed for('es and

momenls whi('h are arl)ilrnrv fun('tions of lime. By apl)li('a-
tion of thes(, mt, thods, lh(, solutions for ('onslon( iml)r(,ssed
for('es lilld lllOlIlOnls Ctlll I)o use(l to OI)lllill ncw sohlliOllS for

any art)itrary variation (if iml)r(,ss(,(I for('es _t)l(I mom(,nls

with lira(, wh i('h ('an b(, (,xpr(,ssed l)y, m,_(h(,nla( i('_d f()i'm ula.

S(im(_ simple varia(ions of impr(,ss(,d forr(,s and mom(,nts
with time and lh(,ir Lal)In('e transforms are given in ref(;ren('e

6. 'rh(, irnnsforms f()r any olh(,r ftm(.tion for whi('h trans-
forms have 1)een work('(I out may be found in tahh,s of

Lal)la(u_ l.ransforlns.

CALCULATION OF STABILITY BOUNDARIES

OSCILLATORY STABILITY BOUNDARIES

As poinl('(] out in 11)(, l)r(,rt,ding scclion of this r(,porl, fl)e

(h,gre(' of s(al)ility of tim un('onlrolh, d mot ions of an airl)laIm

is in(tii_a(ed I)y roots ot' lhe (dlar,acleristi(_ equa(ion

A x'-F HX _+ ('),_-F DX-F E--0

For stability the real roo(s or the real part of the ('Oml)lex

roots of the eharacterisli(_ e(tualiou must, be negalive. A
us(,fu[ (liscriminant for det(,rmining solne of the (!hnra(:ter-

istics of the roots in sial)lilly wol'k is Roulh's discriminant

1} (/?-=]?('D--AD_--H_E}. The use of this dJscrimhmn( in
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dynanlic slabilily amflyscs has been poinled oul in many

reporls, t'o1" exanlph,, references 1,2, 3.5.21. aml 24. Routh
has sllm_n (|'efercm'e 20) that, if/,' and the cocttivient E are

tinite, the necessary and sullicieul col]all]ions lhal lh(, real

roots and tit(, real parts of thc comph,x foists should be

negative are that every cnelticient of the hiquadratic and

also 1: shouhl have lit(, same sign. Roulh also showed lhal

wiu,ll l?=O and H and l) have the same sign lherv are a pair

ofco|nldeX roots with the real parlszet'_,, gitli.e the valueol

lhe real part of a. complex rool in|li('_Hes lhc st_lbility of ,m

oscillatory mode of the molion o1' an airl)htt.,, the lateral

oscillation is neulrally stalde wl,en 1,' 0 and the ('oetlicienls

]:_ _/lld l) h_lve lh(, .<,_llllt, sign. ()sci[lalm'v siahilily hmmdarh,s

can t)e delermim'd, lherel'ore, hy solving the e<tuati(>n 17-: l)

amt checking to dvtvrmim' whether the signs of B and D nre
the same.

(a>

! 1

Zc

(_

/ !

(c)
I
!

(a) Gust, disturbance.
(b) Control manipulatirm.

/-

/

/
/

/

/>
!

(c) (lust dis[urbg.nee alld corrective control In:udpulation.

F1GuI{I,: 3. -Illustration of stl[_'rlmsil.ion of ntoti0ns t_ Ih'terlnin,' effect of arbitrary

disturbance's.

%im'c I',\. ,d Ihe mosl iml)(>rlanl stability _h,rivaliv(,s af-

feet]n/lal.ral stability are Ill(' dirc(./iona] slab]lily derivative

(7,,a and Ih|, i,ll'l,..l ix'(, dihedral deriwtlive ('10, t.)u|.hu'ies for
m,ulr.ll ()y;cilhtlot'y slab]lily are usually cah'l|lated as a fun]-
lion of lh,,s., Iwo ({eriv'tlivt,s as ilhtslral|,d in figure 4. Th(,sc

cah'uhtti_ms arc /]her|ally (':lrried out It 5 the lncthod slmwn

in tah](, I. 'l'l_is labh, colilains a |lu|ncrical eXnml)le nt.I

sl(.p-})y-slep inslru(.tirms for using th(, tqbh'. The r(,sulis (d'

[his num(,ric,l ,,xulnph, are l)h_lle(t in figure ,1. '['11(' pro-
ce(lt|re illttstrntc, I in laid(, l is lit'st to assl|]nc values o{' ihe

ilidepen_h,nl vat]aid] <',,_ to <'.ver tit(' rllflg(, for which tim
tmt|ndary is r(,quir(,d. The vnhtes of all tln'oth.rmassand

aerudymln>ir stul)ilitv |{|,riwllivt.s except ('+z nrt, th|,n rsli-

marcel. "l'hc v1|luc of t",,_ is _Zem'rally assltnwd to hnve I,een
varied by varying the size o[ the v|'rtic'd lail and, con-

seqltently, the lni[ (.onlrib||lion lo eqch of t}le other stability

derivatives vari.s as (',,_ is varied. The values ()f the r.ef-
tich.nls .|. /_'. (', /), and p.' a11d then I,, tit'(, calculated as

fum'l ions of/_:

_- - 2Nx' ( '<'

The values o[ I;_('orr(,sl)(mdit|g to the usst|m('d valm.s of ('._
for [he (.|lt.tili|m of nculrnl (_scilhllorv slab]lily 'u'c m,xt
obllline(/ hv s.lvin_ Ill(' exl)ression L' t) whMi is a (tumlrntic

in /a lh|ll is of the form

Iritmllv tt., vnh,es .1 ¢'+_ corr(,sl)(.l(lin _ to the assumell
values (>t"(',,_ nl'e ()btaim,d from Ill(, vah|(,s of/_.

The values .f /++which satisfy the expressio1_ 1"= 0 must he

c]le¢']_l'(I to (h,l('rmin|, whether they salisfy Ill(, other con-

diti(m for t.,ulral os('ilh£l<wy stability lhttl the sign or the
co(,tth.ie|lts h' and D ml,st be Ill(, same. This ('hock can In,

o0, __y
o=t!:

t?: O; equal real
rOOtS wdh

opposite signs
OOI _.._ ]__ .[ ;/I

-.002

,,' i

- 001 0 OOI 002

- CzB

R'= O; oscillatory ]

stability boundary 1
- T

]

003 004 005

FIt;I'RE 4, [._H.t'zd-stal)ilit?, 'rnHllll|l_.rie,'-: (!;tlcul;ttelt ill table Ii 0l_ wlts tht' dt'IIelldelll _ari =

Varyin_ (',, ,q in lhi.. Inafln('r C_illS_,_l (:h:Hll_,'s lU the tail ('olltrihllti(_n 1o at] th0 (_ther it.,rb.a-

1 iVl'S.
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i)(,rt'ornu,d r(,udily hy sul)stiiuting th(, vnlues of [_ whi('h

satisfy I; 0 into the exl)r('s_ion for 1) whi<.h is a lim,.ir

(,(tuath)n ()f lira fm'm

1) u+Js L t,2

Thus th(' sign of I) is (lelm'mim'd. The si_'n of 1>' is a con-

_(an( for nny giv(,n value of (',,_ and i,_ ahnosl invariably

l)osilive sine(, (h(, (hi'e(, I>ri,(h)minani lPrlllS o[ ]J (.onlnin lhe

(h,l'iVntiv(.s (), (',,,, and ('% xvhi<'h in all prn('ti('nl ('ascs

(.olllri})llte tl I)osi|ive illvrem(,lll to I}/(, vllhl(' of 1].

Sill('(' ix,.'(') v'lhms ()f (+e_ ,'<at(sly th(' ('omlil imil,? 0 for (m('h

vnlu(,of (',,a, the 1: I) curveha_lw()l)rn)u'hi's. A_l)oinli,d
()tit in ref('ren('(' 24, ()n(' ()f lh(' brnnvhi's of lhe 1{: () ('(irve

genernlly rel)res('nls )hi oscillatory slnl)ilily I)oun(hlry nml

the ()tht,r I)ranch rt,[)ri,seills II line of nunwri(.'/lly equltl real

r()ols wilh Ot)l)osile signs. (See tig. 4.) If n(,ilher ()t' the

valui's of ('_a whidi sntisfy th(' (,xl)ression l/ 0 for a par-

ti('uhlr vllhLe of (',,0 is found to rel)resenl _ 1)oinl of neutral

os(.illalory slnhilily, th(' laleral motion h,ts no os(.i[latory

mode for that value of ('0" If both of lhe values of Cz_

which satisfy the (,xl)r(,ssion 1,'-:-=0 at'(, foun(l 1<) rel)resenl

points of neut,'nl os(.illnlory slnl)ility, lhe hilerltl motion

hns two os('illnl()ry mo(h's. In this <'as(', sin('(, tit(' l)oundary

D 0 represents lh(, line ()t')hi)nile p(,riod, t'h<, bran(.h of the

1+': () boundary whidl lies ('lose to the I)-0 boundary is

u'<mtlly (h(, boun(l'n'y for neutral sinl)ilily of the hmger p(,l'io(I

()f Ih(, two os<.illatory mo(h,s. A (l(,taih,<l dis(.ussion of (hi,

signiti('nn('() of th(' st nbilily I)oundaries and (h(, regions formed

l)y lhest' l)oun(hn'ii's is given in ri,f(,ren<w 24.

In (.nh.ubt(ing stability })oun(I.iries for 'l Sl)e('iti(' airplane

a <'oi):l)h'l(' solution su<'h as tlnlt (,xplail)(,(l in the pi'(,(,(,<litlg

1)at'agTnlths sh,:)uhl t>(, mad(,. For g(,n(,ral ,-+tudi(,s of stability,

h()w(,v(,r, approxintnl(, (),will'llory stability l)oundnri(,s tony
I)(, ('ah'ulnt('d nlu(.h more siml)ly by the In('thods shown in

r('f('r(')i('(' 24.

.ks l)()int('(l ou( ])r('vious]y, ))n'lho(ls of (.nh'ulaling lines of

(.onst.ln( l)(,rio(l and (hm:ping of (lie lllt(,rnl ()s('illalion nre

l)r(,+-+(,nl(,(i in r(,f(,ren('(,_ <'.4nn(l 9.

SPIRAl+ STABiLiTY I)OUNDAI'HEN

Spiral stub)lily I)ottn(h/rii,s, like os('illalory stability t)oun(I-

nt'i(,s, ,:it'(, usually (h,l(,rmin(,(I ns _:t function of the dirt,<'lionttl

stnl)ilily <h,rivaiiv(, (',,_ and lh(, effe('tiv(, dih('(h'al derivative

('t, as illusl/'at('<l in ligtn'(' 4. .,ks i)oint(,d ()tit in n,fer(,n('e 1,

ll('tllrill spiral stnl)ility o('('ttrs wh(,n the lq ('o(,lli('i(,nt of tlt(,

(.ha,'a(.tt,risti(' (,(tuation is z(,r() (I','--:0). A spiral sial))lily

I)ottndttry can t)(, easily ol)tnin(,(I from this r(,lalion. If

(,xl)r(,ssions f()r l<_' (in terms of /_) ('orr(,si)on(ling (o several

valu(,s of (',_ have alt'(,a(ly been ol)(ain(,d in the proc(,ss of

(.nh.ulnting an os(.illnlory stid)ilily I)oun(hlry, the (,(|uations

f(wn_('(l hy setiinl.e th(,s(, (,xl)re.<:.sions for l<+' (,qual to i(,l'O ('&ll

b(' solvt'd for the vahi(,s of le (and hen(.(, ('zaJ <.orri,spon<ling

lo lh(, assuln(,d vnlu(,s of' (',,_. If th(, values of ]q have not

nh'(,a(ly t)t,(,n ol)tain(,d in the 1)ro('ess of <.ah.ulating an os(,il-

latot'y ,<lability I)oun(h)ry, n spiral stability I)oun(lary for the

h,vel-fligh( (.ondition (+= 0) van t)(, (.ah,ulat(,d simply from

the (,(it]hi(on
71
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Vnlu(,s of ("0 nr(, asslnnt,d within the rnng(, for xvhi(.h the

l)oun(lary is rt,(luirt'(l. Th(' valu('s of ('t and (',, ('orre-

spon(ling to (,itch vnlu(, ()l' (',+a llr(, then (h, ternlin(,(l. Th(;

tnil (.ontrihutions to th(.s(, (l(,rivntiv(,s g(,n(,rally vary wi(h

(',_ siiw(, (*,,a is usually, asslnln,d to I)(, vnri(,d l)v. (.hanging, .
the size of lhe v('rli('nl tail.

ESTIMATION OF LATERAL STABILITY DERIVATIVES

GENERAL REMARKS

._h'( h()(Is of (,siilimling (h(, hil(,l'nl s(nl)ility (h,ri\at iv(,.'_ huve

l)(,(,n l))'(,sent('(l in ntnn(,rous l)ttl)li('ali()ns l)u( no single report.

has (.ontain(,(t information for (,st(hinting the ('ontril)ution o!

nil prhlcit)lil llirplnne <'onii)l)lienls ill all lhe (hwivatives for

nh'plliii('s hlivili 7 llnv s'e, ee I) niigle or ll_l)('cl i'lilio. In the

i)i'es(,iil rel)orl, till approtlcii 1o Stl('li it t)resenlltlJoli is liitido

})y tile (.oor(lillillioll of tlll(l l'(,fi, rlql(.(, lo existing' (,st inlil t ion

lil(,tho(ls, })y r(,f(,l'(ql('(' to ])ll})]i(.illions (.()lilliillillg ({l/ltl which

sltotlhl t)e tls('fti[ in lili/kiti_Z ('stilililt('.'.% tlil(I ])y lhe suffff(,sih)n

hi sol(i(, ('ilS('s of sinit)h' ll('W (;nll)h'i('nl forniulti._. ])elnih,({

(,sl]niilliol/ nielh()(Is tire ])resenlo({ for h)'_v-sul)soilie-sl)eed

('on(lilions I)ut only 'i t)rh,f discussh)n lili(l li list of r(,f(,l'(,n('('s

are given for lransoni('- lit((1 supersoni('-spee(l ('on(lilions.

|n g(!nerri], ih(, estinllition niolilo(Is l)resenle(1 shouh{ I)e (,x-

1)e('t e(I Io yh'](l only fah'ly li(!Clli"ilo va]u(,s suiltlt)le for St(liking

first ll])])roxillltltiOllS of (lyllllUli(' sl'll)ili(y. This litiliti/tioll

applies (,spe<:ililly to lit(, (,nses in whi('h []1(, (h, riviltiv(,s l/l'(_

l)ils('(l contl)ioteIv Oll the(try.

For ('onv(,nien('t,, the rt'f('t'('n(+o_ t]u/t sh()uhl I)(, useful i/l

eslhnalin 7 the slill)i]ily (lerivilliv('._ ill'(' I)res('nie(] hi tlil)h, 11.
The i'(!fereli('(,s tire gl'()lll)('d li(.(.or(lili_ lo the st)(,(,(I i'liligO

('ov('re(] (stl})soni(' o[' Slll)('rsolii(' il,ll(i il('('Ol'(lillff io llie (i('l'iVil-

lives l)l't's('nte(l in (,n(.h r(,l)or(. The l'eferen('es for th(, sub-

sonic ('lis(, (ref(,r(,n('es 1 nn(I '-)5 to (,)7) ti.r(' furtin, r (livi(h,(I into

Iwo grotll)S ()lie in('lmlhlg i'(,1)oi'(s whh'h coiillliii (,sliillilli()ll
nielhods rind lhe other in('hi(ling reports wtii('h ('onlliin

ex])erini(,iiltll (lilllt t]ilil shoul(I 1)(, ii_(,ful iii nlnkilig (,slinililes

of derivatives. Tit(' r(,feren('(,,_ for the Stll)ersotiit' clis(' (rt,fei'-

eli('e_> 0_ I() 1 l_) lit'(' sut)<tivide(t m'('or(linl..e to wilil£ pliill for(it.

'Hie following se(.liolis eov('rin 7 lhe eslinlittion of lhe nine

stability (h,rivlltives Ill'(' ([ivi(h'(I in(o three _l'()tlpS ti('('Ol'([ilig

1() tile ty[)(' of (h,rivtltiv(, si(lcslip (h,rivntiv(,s (('rj, (*,,_, ('t_),

rolling (h'rivllliv('s (('"v' ('0' (+rp), lin(I yllWilil._ (lerivlltives

(_'',lj+, (<'lj., (#l+rl.) . The (h,rivtltives ('r v tllld ('Yr Jill",,'(' usunliy

been negl,t,ct(,d in mnl,:irtg dynnniic hll(,ral silibilily <'ah'uhl-

tions he('luise th(,ory in(li('llt(,(l t|n/t for tlns'we])t wings ('%

iltI(] ('Yr %%'('I'(' ZOI'O. l{(,('(,nt ex])(q'hilen(al (hlttl, llow('ver,

have in(li('ale(I lhttl t)oiil sw(,I)l and tniswel)l wings in'o(hi('e

nlell._tlritt)h, vi/hi(,s of itl(,Se (l(,rivtltiv(,s (r(,fereil('(,s 2,5, 60,

and 89). Sin<.(, lit(, verli('lll tail conlril)utes io (rv_ llll(] (_l-r,

il llppelu'<':> (lesirtl.|)]e to (,s(]nll/te lh(,_(, <h,riva(iv(,s iiltd 1o use
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lh('nl in Ill(' ('ah'ulaiions of sial)lilly uni(,ss il is (,siat)lish(,(l

that for ill(, (*I|SQ ill question the ett'(,(.Is or ('r7 ' and (').,. on

stability are n('gligilA(,. Forth(,s(,two(h,rivaliv(,s, only the
(,tt'e('t of the wing and vcrti(.al tail need l() In, consid(,re(I.

The methods of est.ini,ating the rolling and yawing deriva-
t iv(,s l)rcs('n, tcd h(,rein weri,, ol)tain, c(l fr()nl th,'()r(,tical treat-

m(,nts based on the assmnt)tion of steady rollin_ Im(I )'awing

and from ('xt)('rimontal dat, a ol)taine(l prin(qi)ally fronl ((,sis

ml_(le un(h,r ('traditions of steady rollil)g and ya._ving. The
only inforniati(m that. applies (tir(,('llv 1() the os('illator_"

case is a limit.(,d amount of data on ( 7,, oblain(,(I br os('ilhi-tion

l(,('hniqu(,s. When ('ahqlhttions _lv(. imld(, m _vhi(.h the

os(.ilhi-tory nio(h, is tii(' s_lbj(,('t of inicl'esl, some ('onsid(,raiion

should b(, given to vorre('ting (h(' derivatives t):l,_ed on sl(,adv
rolling or yawing to a(.(.omit for diIl'(,r(,n('es in the ([(,rivativ(,s

t.hat ai'c lik(,lv to exist as a i'(,s(ll( of diff(,l'(,i,(,(,s In,lwemi,

Ill(, os('illatorv motion and tile st('ll.(lV rolling and ylLwing
motion. For examl)le, the data of ref(q'en(.(, <"45have indi-

cated that, J'or flal)-(,xt(,nd(,d or po,v(,i'-(m conditions, fairl.v
large difreren('(,s might exist bel,r|,(m the valm,s of the tail

contribution to (',,,. f()t' the si(,ady yawinff and ya_ving os(,il-

lation cases. At ])resent lit(h, inf()rn|ation is availat)h, for

(.orri,(qing the values of ("r for the steady yliwing ('as(, to

apply to the oscillatory case aml, mlfori(lnntdy, little or

no information, is a vaihi-t)h, for ('orr(,('tinff the otlt(,J' stability
dm'ivativ0s.

,";into(, most, _vin(t-innm,t for('c-tes(, data that are likdy to
1to used in making estima/(,s of (he stability (hq'ivativt,s

are l)rol)ably for nltt(.h Io_v(,t" R(,ynohls minll)(,rs than those

for th(, full-scah, airphm[,, s(mi,(, a(tjuslnt(,n, ts to (he data

are usually rcquir(,d to account for the (liIl'(,r(,n('es in R('ynmhls
mlml)(,v. Th, e (,l]'(,(.ts of R(,ynohls numl)(,v shotlh[ l)e con-

sid(,r(,(l in the ('ases of all tlt(, d(,riva(iv(,s, (,Sl)(,cially those
which art, (,stinlat(,d l)v m(,lhm(|s t]lat_ involv(_ the use of

for('(,-t(,st data. M(,lhm(Is of ('OIT(,('thtg for R(,ynolds nun>
l)(q" (_fl(,cts for sore(, of the (h,riva.iiv(,s art, dis('uss(,(l in (he

following s(,(,lions wliie]i, (!over tit.(' eslilna.tion I)l'O(!(_'(llll'PS.

In the ('asi,,s wh(,r(, (h(, R(,ynmhls vutnil)(,r (qr(,(.(s are not

diseusse(|, it can 1)(, assuni(,(l that any al)r(ll)l varia.tion in
):lle derivatives near the stall for low-s(.a.h, data will also

be I)r(,senl. for lit(, full-s(.ah, airl)]ane l)tll will lJrobab]y o('('ur

at, a higher lift ('oefti('ient be('aus(, of the higher maximum
lift, coet_.(.ien( of the airI)hm(,. An indi('a(i())l of the lift-

('oeffi(qent range ov(,r which, th(, theory may not be ('Xl)(,('ted
t.o give reliable vahl(,s of stability (lei'ivuliv(,s f()). th(, full-

s('ah' airl)lanw ('art lle ol)tain(,(l from hlrge-s(.ah, (h'ag tiara.
The analysis of referen.('(, 89 in(licates thal tile variation
of the derivativ(,s with lift coeffi('i(,nt is dilr(,r(mt, from tlle

i.heor(,ti('al vari#tioi), at. lift coelIi('i(,nts a.bov(, that a.(, which

the (h'ag (hie to lift in(.r(,i_s(,s abruptly fronl (h(, i(h,al vahi,(:
2( L/TrA.

TIt(' etre(.ts of Math inlmt)er and t)o_v(q' a)'(, no( lreal(,d
in th(, s(,(.t:ions on the individual d(,i'iva(iv(,s but are dis-

(:usse(I briefly ill separate set'lions. A d(,laih-(l treat,iiient

of th(,se (,tt'(,cl.s, inchl(ling design formulas aiid charts, was
(:onsi(h, red beyond the SCOl)e of this r(_port.

THE SII)ESLIP DERIVATIVES Cr, C%, Ct_

No sa(isfa('lorv l)ur('ly (h(,or(,ii(.al m(,lho([s have vet, l)(,(,n

(h'v(d(ll)(,d for ()})(a.ining a('("(Irat(, (,slinilit(,s of tile si(l(,sli I)

(h,rivativ(,s (')., (',_, i_li(l (:_ for a ('()nil)h't(, li,irl)lan(,, l)ri-
mltl'iiv I)(,(.lius(, of lai'g(, inl(,rfer(,n(.(, (,fr(.cts ])('l,W('(qi I,]W

vai'i()(is airl)iime ('()nipon,('lils and ])(_(.aus(; of ]l_t'ge, and ()fit,it,

un,t)l'('(li('llLh](', vli-i'iuli(ins ()f lh(, ([(,rivii-tiv(,s wilh angle of
atta(.k. F(il'llllltl_t('lv, these (h,rivaliv(,s ('ltil It(, ol)tain(ul

from eOliv(,nli(iniil win(I-luluie] for('(,-l(,st (lit-ill-. ,qu('h (,Xl)(,i'i-
ni,(qi,lal diiiil lu'(, (,ss(qiliitl to lho tl('(!nl'a.l(, ([(,l(_rni,in, alion of

si(h_sli I) d(,rivILiiv(,s. It is, of ('(nll'S(', highly ([(,siral)h, io

Jill, V(' foi'('(,-l(,s( (ill, lit for the ('xit('l airl)lan(, (h,sign, lln(l(,r
('()nsi(t(,i'liI ion, I)ul l'(qlsonat)] 3- ti-(;('nrli.l t' (,sl iniah,s ('tin nsnti-l]v

l)O lllli-(t(' h v ('OiT('('ting the for('(,-test (hi-ta for a g(!n,(q'itllv

sirnilai" (it,sign. The nletho(ls of ('ori'(,ct, ing t h,(, for(,(,-l(,sl,

data on It siniii,u. (]('sign for list' in lh(, ('liSt, till(it,l" ('onsiil(q'ltl ion

it-r(! (.ov(,riqt ill lh(' following s(,(.l,ions. Ill lh(' fol'lnllh)_s

])i,'('S(qi,t,(qt, ih(' sut)scril)i wor([ "(h,sign" is use(l to (l(,signil_i(_
the (lesign lln(l(,l" ('onsi(leration ali(I the si,il)s(Til)l wor(l

"(haiti," is llSl,(I It)(h'signate the sini,ilar (h,sign for whi('h
for(.(,-i (,st (ill lit- ill'(, availal)le.

For('e=t(,sl data should ])(, us(,(l to (l(,t, erniine the (!ll'ect on

the si(h,sli I) (hq'iva(iv(,s of suHi, airl)]an(, (,Oml)on,('n, is as
h,a(ling-(,da,, high,-lift (h,vi(.t,s, stall-control (h,vi(.(,s, trailing-

e(lge flit_l)S, lilt('(']l('S, ext('rna] slores, cal).ol)i(,s , and dorsal li,ll(t

v(mira.l fins. Tim (,tr(,(.l, ()f h,a.dhi,g-(,dg(, h,igh-lifi (lcvi(.es is
llsually lil(q'+,]v to ('xt('n(l (o)_ }lig}i,(,i' lift ('o(,fli('i(,n( (he SSlllO

variation of ill(, (h,rivli,tiv(, with lift ('oeffh'i(,nl, as for lh(, I)]ahi,

wing. Trliilil)g-e(tg(, ttaI)S ofh!n |itlv(, ]arg(, (,lr(,(,ts on, tile
con,t i'it)lllion, s of t)olh the wing an,(l the v(q'tical (all to th(;

si(h'slill (h'rivi_tiv(,s (i'efer(m(!es 40 lilld 71); li,ll([ sin('e l]i(,se

effe('ts li.l'(' iiO1 easily (,siini,ai(,(I, it ll,i)l)(,lll's tiial in lh(,s(, (')ls(,s
ns(, of for('(,-t(,sl (hi,lll is ess(mlia]. The lld(lilh)n of n,a('elh,s

anti (,xl(,rnli[ si()i'(,s g(qi('rltIl.v has h(,(,i), foun, d it( (l(,(T(,,_ts(. the

(lir(,('tional sial)ilit.v fa(.(or (',,, slighlly. Th(, results of _t
limit(,d li,Iil()lllll of i'(,s(,Itl'(.l), to (l(,l(,rni,in(, the (,[l'(q'i. Oli llm

si(h,slip d('rivativ(,s (if the size and shall(, of (.anol)i(,s hlts
t)('en r(,t)(ll't(,(l in i'(,f(,l'(qie(,s 4(<)and 75 t)ut tiles(, r('su]is n.l'(_

in,li-(t(_(lUii,t(, f()i" lnli-I,;in, g a('(qlrii, l(, l)l'(,(ti(.lions of tile ('fl'('('ts

of ('ii,l).ol)i('s. Th(' (q<i'('ets on flit' sid('sli I) (l(,rivatives of (lorsal
and venil'li,1 fins ave usually small al the small and nio(lm'ate

angl(,s ()f 3-it.iv llull ti,r(, g(.n(q.ti,]l 3- (.on,si(|(q'(!(t iil stal)ili(y
(!i_i(ql]al iOlls. (St'(, i'('f(q'eli,(!(,s 4g itn([ 7;I.)

(:y_

In (,st hna.i (,s of file hl,t(,ral force ([u(, lo si(h,slit) (h,riva(iv(:

('re , for('(,-l(,sl (llthi, for l.]i(, design, lilld(,r ('onsi(h,raiion,
shouhl I)(, _is(,(l _vh(,)i(.v(_r l)ossil)h,. If su(.h tiara art, not.

avai])_l)h,, dli()i for Ii shni]ar design, van I)(, _is(,(l and (_orr(_c(ed
as follows:

Wing-fuselage. Since th(, wing-fuselage contribution to

('y_ is usuully i'('hltiv(,ly small eonll)ared with, lhat of tii,e
vertical tail, _i'(,lil it('('urli(!v is nol re(luh'ed in (,stiinalin 7 this

factor. This ('onll'it)ulion, 11111%"t)() (,sthnated its follows:

(1) Wing: If ih(' wings of lhe lw() (h,signs arc g(,n(,l'li-lly

siniihir, t,]l(, difF(,i'(,n(.(, in (')- ('an t)(, consi(h,r(,(I n(,gligil)le
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and n() correcli<)n is necessary. The the(wy of reference 2.5

(lOt's l]()t al)l)ear t.o tie suitat)le for use in estiniaiinff (+vj,,<,o.
(7) F/Isi'|ll.go" If tilt; tWO fiis(']liTeS II1"1' .qilliilar ill s]ial)e,

tt)e (lill'erenc(, hi (+v,r,,_ c'lAl i)rol)li.h|y lie eslilnlllo(l saiisfac-

t.orily t)y (_ort'el'titi 7 for lhe ([ift'et'l'n('(' ill ill(' relative size of

t.he fusehige and whig for lhe two ah'l)lailes. It a.l)pears ,

hox_t,Vel', front tal)le X of i'(,ferlqi(![, 71 mllikely thai a relial)ie

i)r(qliction of (' (!lid lip lllalic (]ir(,cllV from tile 70OIlllq,l'V

of the fuselage. Solnc ad(litional data oil ('_''r,,, are l>re-
seni('d hi r/'flwiqlc[' 79. Exl)t'rhnental data from other

hlv(,siigaiioli,_ ]iil, Ve showll tha.t /liff(wcn('es in fliselli.Ti' cross

section Ciili utilise very large dilt'el'en(_es in the varililJon of

(' with lillg]O, of l/lt.ll('k. For cxiinl|)]l', ill tho case of a

thll, fiis(qtlTe with Ihc liliijor (woss-s(,cliona| axis horizont.al,

till' sign of ('. hits t)een found to rev(,l_l! at lllO(Icrl/t.c anti
)_lfu ,

}lilzii li.liTi('s of till.lit'i.;. Force-lest (Iqla are essen(hfl for

hill.king oslhnllAes in such (,.ases.
+,(3)))ViliT-fusehlg(' iiltcrf(,r(,n(;(,: I or low-Will7 or high-wing

conllgurlilions winlz-fuselagc inti_rferenoc oausos t.llc vahie

of (_y_ to tic grlqi.lcr lha.n lt).lit, ot)tahn,(l tiv adding t.hc con-
lril)ulions of the wing and fuselage. (_ee refiwences 37 and

40.) If the vertical lo('ation of the whig Oil the lust,lave is

glql(,i'llily sinli]ar for flu; (wo designs, however, any correct.ion
for it difference ill lifts interference fa.('lor ('all hc ncgle('ted.

Vertical tail. -,t('cui'll/e cstiiiillteS of Cy_t._ l lll'e IleCoSS,llry
because this fa('lor is used to estinlaie the tail ('ontrit)uiion

to severl/l other derivatives. This fa('.tor is esliecially im-

porll_iit il.| low angles of allli.C]c Iwcausi, in lliis (fast, i]ic tall

coiliril)ulion is oflen Inlieh 7r(,ater than lhe wing-fusel&gc

(',onlriliulion (o all derivatives excetit ('_. For tills l'oasoll
it is highly desirat)lc to have tail-off and tail-on force-test

data for the design liil(h,r consideralion or for a very similar

desivn. Correclions 1o the data for a simihu" design ('all lie
Illtilh, as follows:

(1) (_orre('tion for (liff(,retlces in whig area, tail area, and

tail lift-curve slope can be inadc tiy the following formula:

/(_ (,v \-- l _Otatll

(,y = (, t, _,,,,.., Id_.,o_ Sda,,_ (13)
( ( "o,.,,L,o <<>',.,<.

The vahie of (TL=,=, Call lie ol)tained from figlll'CS .5 and 6

which arc 1)ascd on tile theory of rcf(q'Cli(._c _14 and on the

theory an(l data of rcferen('es 2S and 35, respectively. TIle

chart of figure 6 can be used to estimate the ('hange in the
effective aspect ratio of the vert,i(:al tail caused I)y the erid-

l)hlic effc('t of the horizontal tail. It should tie eml)hasized

thai for the best accuracy the charts in figures 5 and 6 stlould

tie used in conjunction with formula (13) for correcting

existing' for('e-test data anti not for nmking a (lircct estimate

of ( 'v_¢,. t .

(2) In the case <if V-tails, the correction fi)r Cl.jtaa can be
Ilia(i(, as foll<iws:

(/krcL % '_k)'V'/'a/' Sill2 F)d ........ _'_data

• ,) i_f#¢stI_7 z([_[(-'Lc,, ,S'v.t,,i I Sill" )d ..... "_ -

wh(,re the lel'n'ls (+ F, and K two t.he same as given in
LaN)

rofiTiqlc(, 30 ii,n(I Ill'l; (leihled a.s folh)ws:

(_,_ sl_ilie :if lhe lli.il lift. ('llrve in flit.ell iilC.iiSllr(,([ in the
])lane ii()i-illal l,o l,h(, chord |italic (if ('ii.(_|l tail pallel

I' dihedral illiVle ()f tail sllrfa('/_ llleasllr(,(| from ]%l'}L|)hl.llO

of l.hc tlli| 1() each tail l);i.nel degrees

K ratio of still), of lifts o])tahli,d I)y e(ltlil| allll ()lit)osite

c|lallffes ill ll.iiTle t)f litiilCk of tw() s(,lilisliaiis (if tail

t,o lifts ()t)lained tiy tin equal (']ililige in liliTi(' (if

at.tacit flir lhe c()nliih'te tail

Valllcs Of the lorlll 1St", whicii arc USlllllly lib[mr 0.7, can bc

olitain('ll from l'(_fl'l't'll(t(_ 30.

(3) Sili(!c hl.rge diff(,r/,nct!s in si(h,wash and dvnlilnic l)r(,s-
sure lit the tail can 1)c (!a.lise(l l)y (lifferen('es ill wing ill|ill

form a.n(1 whl 7 hica.ti()n ll,<4e(if CXl)erhllenlal data for the

_|)(,cilic ilesi<..,il or al ](,asl for il (l('si_rn wlli(,h has il (;][)si,ly

sinlilar wing-fu,_ehtT(, c.)nlliinali()n llll(| vci'lical tail lilt'alton

is oxlr(,inely (h,siriil)le. X'(i niotho(is are aviiillllih, whivh

I)erinil a('cllrllle [)redi(.iions (if sidewa.sh at the tail, 1)ul the

[,xi)erhnenlal data of rofiq'enccs 40, .5(), and 71 (,il.ll ])(, usod i.o
obtain s(illle inili(.athin of the viiriilli()n in si(Icwil.._h with

verlical |()(ql.l.ioil (if an llnswci)t, wing (ill a fuschtge ti.il(I (,he

('Xli(,rim(qital data of FOflW(,ll('.(!s3_) anti 79 provide a(hlilic)nal
infi)rniation oll siltewash at, the tail. ()(,her exl)erinlenlilJ

data indica,i.e |.hat ihc sidewash fiehls |)ro(hi('e(I I)v highly

swel)t , h)w-ilsl)ecl-ratio wings or tly fuselages of Ita.t cross

solution ciln soiil(qinlos lie st.l-olig enoli_h at high liilgles of

altack 1() l'CVi,rs(, tho el]'e(q.ivcn(,ss of a (:onvenli!)na]ly ]ocalod

vertical i.ail sm'face. ITntil a reliabh, mettu)d is dcveh)ped

for |)re(/i(:tinff thes(, large sidl,wash (qreci,_ force-(.cst (/at.a
al)l)ear t.o })o t,hc ()ll|y means |).V which satisfa(:Lory estimaLes

of ('i,jm(i (;all [)C obtahle(l.

cn_i

Allhough at, i('nlpts ]laVe l)ecn made to develo I) nuqho(]s

for estimating tho yawing moment, due to sillesli I) (sLa(ic

(tireclional stability) dlwiva(ive _',_ (air cxamp](,, refer(,nces
70 and 71), no reliat)le meth'.)d has yet, 1)e('n ot)tained. The

llS(' (if f(>r('c-iest data, therefore seems iml)erativc,

Fi)rcc-test data for the (h,sign un(|er (_l)nsi(hq'alion slu>uht
lie ascii if available. If such data are not availal)le, use ilata

for a similar (lesign and correct as explained in the se<.tions to
follow.

Wing-fuselage.--The corrections for the wing-fuselage
contril)utions are :

(1) Correction for wing: From figure 7 (taken from refer-

el)cc 25) tiw values of (C.j/(_).,., for the design ),,,tier
consi(hwation and for the design for whi(.h tesi (lata arc
avai/ab/o ('an lie determined, The effect of differences in

taper ratio can bc neglected, (Sec references 61 and 68.)

The difference 1)etween these values of (',_/('_ sh_)uhl then
bc a(h[cd (with prol)er regard for sign) to (he exl)erinicntal

data air the complete model.

(2) Correction for fuselage: The forlnlihl

C =--1 3 ([ (i,_ehi_(, v( ]lliil('_
"a; .... " \ ,%'/) /tlt_) (15)
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can be used 1o val<'_ulate the ('.++,,f the fusda_t. (per radia.n)
for the design undm' ctmsideration and f_)r the similar design
for which forcc-tcsl_ data, are _vailabh,. Th,, <liffermw(,s

between these two values van lhen b(, mhled (with proper

regard fin" sign) to ltw fm've-le_t thit_l fro" the cmnplt'te m_)de[.
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Formula (1.51 dovs no! indude the vtt'ect of lint, heSS ralio
and sl.mld )l,,t b(, used for Iitwm,ss rati_w, le.+s th._,_n4. This

fot'mula is ;t.l_ ,'t_pproxinmte (,nlpiriva[ expression whi<'h

sh<)uhl not l),, +)s,,,l t<, ('slhm)((' t]m v,qlu(' of (' (lir(,('(,Iv
7+_fu,

.t0

.08

+06

50

0

X:O 2b

I

4 6 8

i

I

0

3O

40

! I

I;I+;I+RE 5. 'Vt_rialioIi of lilt-curve sll)lm with _lSl)l'('l ratio, ftlp+,r rail(:, :tit(| sw('+'l)'t)a('k h)r fht! (':+,8+' +)[ _:ll|)<+)tli+ Jtl('t*llll+r+'ss[_+)l( ' II_w+'. to= I ii. \'_t]ll+'_ T'rt++ll rvfer(!n(.t, ;VL
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Vertical locution of horizontal toil, zH/Dta #

[,'ll;l R_ I;. _I'][|_'('( of horiz(mta[-l:dl Iqx.alion (m fhq, bl[ocfi;o a._lW('t ralh) of tim vi,rti(.al la[[

.l "t_,l for lib! {_aSP Of _ltbSl)llil_ ill¢!lqllllrus_i})lr IlOW. e=(I '' 'l';ikl,I/ [I'!)lll r,,frl'l,ll/!l_ _]5.

but should only be use(| as indicate(! t,o determine a corr(,c-
tion for force-test (h_ta. This correction mcthod should

not l)(,, used in the cas(,s of high angles of attack when there
axe large (litf(wcnces in fuselage configuration. Forcc-test
data are csscnlial in such ca.ses.

(3) Corre(qia)n fi)r vertical h)cation of the wing: If the
designs arc generally ._imilar, the correction for the w,rtical

localioll of the wing on the fuselage ('an bc neglected. (See
rcferenccs 37 and 40.)

(4) Correction for c(,nter-of-gravity position: If the center-

of-gravity l)osition for the (h,_ign mld(,r consi(h,r_lion is
apl)r(,ciably diil'(,rent from that for the design for whi(4t

force-test (lat_ are awfilM)le, tim value of (_,_ for the wing-
fusehtge combination can be ton'at, ted by muhil)lying the

value of Cr_ for the wing-fus(,lagc com})ination |)y lhc
distance t)etween center-of-gravity positions (expressed in

wing sl)alls).

Vertical tail,---Corrcctions to C.e_o_ for differences in

Cy_,o, and tail length 1/b can 1)e made 1)y the following
formula:

l

(CY_'""' b)d_,,_. (16)
_Yn : .....

( (Q°")'°'° (c,,,,o,,
\

The contribmion of wingq.ip fins t.o C,a is treated in
references 67, 72, and S7.

In estinm.t(,s of tlle rolling moment due to sideslip (effective

dihedl'n.l) (/_a' force-t(,,_t data for the d(;sign under considera-
tion should be used. If such data are not 8va, ilablc, dsta
for _ similar design can be used and corrected t)y the methods
that follow.

°.1

1 I

h
(deg)
--60

• "-50

• ---_0

----0

--"-50
• ---40

.. --50 -----

--60
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FIG!'I:E 7. --x/:lri:lt Jl)ll i)[ Cn_/_L'2 v,-jl}l _sitv(,I, rrdio:md sv,*oep for the cast, of subsonic ineombrt,ssibh! fl(nv. X=l.0;_, =( • 'lh_,kl,n fronl rt,f¢,r('lwc 25,

2:;4 2:1_;--5:_ :;
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Wing-fuselage.--The corrections for wing-fuselage con-

tributions are:

(1) Correction fi)r wing: From figure S (1)ased (m reference

iv /(, for the design undereon-25) the theoreti('al vahles of . _< L

sideration _nd for the design for which data ltrc avail}title elt n

l)e (]eternfine(l. T]it different!(, ])(,t, ween lh(,s(, two lhem'eli('ltl

rabies can liien be added (wilh proper regar(t f(>r sign) to the

experinienlM dala. (7onsi(h,rlttion shouh[ lie given t.o scale

effect,, ah'foi] section, and sllrta('e rollghness ()1l tile vahie of

('lj for highly sw(,i)l wing's. The lift ('o(,f|l(q('n( tl,t. which the

exI)erinienial varhition of ('_j with lift e()(,llh'h,n(, (h,parts

froln the(try is greatest, at high l{(,yn_)liis illiliiliei'._ tilt(| for

,_nioolll wings witii rolind ]eltding e(ige_. For whigs with

l'titl_Z|l sllrfltces of sharp leading edges tit(' effects of Reynolds

lillnli)el" Oll ('lj tire usually slnMi and h)_v-sciil(,win(l-iunn('l

(lattt ('ltn })o use(I. Fol" airpltui(,s hlivhlg vi,ry slii()olh swept-

back wings _ith rounded leading t,(lgt,s, h(iwi'vpr, slilYle eor-
reet.ion should t)e niade for s('lt](, (,fl'ect v, ii(,n eslhnalhms ltre

Inatlt, froni low-scale_ win(l-lunn(,l (it(ill. Sinc(_ tie rational

ln(qhod lilts l)oen tleveh)i)e(1 for inaldng suvh vorr(,('tions, it, is

suggesi(,d tlill(, fIir lift eoeflich,nts ]iig|ier than (trot 'tt. which

the experinienla] thtta dei)a rls fl'Oili the th(,lil'v, ltll ltvel'ilge

of lilt' theorelieM i_n(1 h)w-selile exl)(,rhn(,nia] vtihi(,s 1)e used.

Oons(,rvat.iv(_ (lyniunic st, ltl)ility results will usually l)e ol)-

tlthied if the unoorrecte(l t heori,ti('li] vlihi(,s ()f ('<_l ltl'e )lse(l

|)e('ltllS(, lii(,se vlthles lit'(, ()rdiniirliy gi'(,tl, l(,i' (lil()l'(, iiegtlliv(, )

t.hltn lll/,)tSul'ed vlthles lllttl t)eea/is(, tht, ilil'_t,l' lit,7_lliv(_ vlthles

of ('Tlj lisultlly tent] (<.) (l(,cret;ls(_ lh(, (lynlin/iv ]ttt('i'al siat)ility.

(2) Corr(,cl,ion for wink dihedral: Th(' eff('et nf dihedral

on ('re is treatt,d in refer(,nves 29, 40, 52, 59, (iS, anti 8)1.

Corre('tion for the (lill'erence in (lihe(h'lil t)cJw(,en the two

designs Call t)e nul(le I)y multiplying the ilit'reiiienla| geo-

metric, dille(h'al lt.Ilg|t_ (in (h,grees) by the fa(qor ('ls_r obtained

from figm'e 0. A plot of f'ljr agahist asl)(,ct, rilih) for i.aper

rltlh)s of 1.0, 0.D, ltn(l 0._'25 (ot)(lthied froni l'(,fer(,n('es 59 ltn(1

68) a n(t a fornlllh% froin refi,Fell(!(, ,_.0 for (!orr(,(qiii 7 for sweep

ltre presente(l hi the upper portion of fi(_ure 9. The lower

('harl ltn(l formllla ill figlll'e 9 (([ev('lopi'd fronl r(,ferellce 68)

shoul(I t)e list!(| in addition to the Ul)lier chnrt alld forniula

of figm'o 9 1.o esliinltte the rabies of f'_lnv fol" lt)e vase of ll wing

wil.h t)a.rtial-sl)an (|ili(,(li'lll. Allhough lhi_ (.hart a.il(I formuh_

apply (lift,oily onlv 1() whigs with one (lih(,(Irlil I)relik) (ht,y

call be used i9 (,sthnale the ('_Jr for whig< wilh Iw_) or more

dihe(h'al l)real.:s 1)y the niethod descril)e(t in ri,fel'enc+e (iN.

Tile ('ffe(q of (]rool)e(I win K tips anti of winK-li I) (,ii(]-[)]al(,s

on (s_;+o_,a should lm tielel'liiilled l)y eXpOl'illWlillll dlttt_ since

lie relial)le t,slinuilion proee(hlre for lilt,S(' (,tl'(,(.is is itvltihi.t)i(_.

(_oe l'ef(,l'en('(, t17.)

(3) (_ t rreet ion for wing-fu,_elage int erf(,r(,nve : All hough lhe

(!onlril)lllio/l of file flis(,lllg(, ltlo)l(, to ('tj is ilSliillly negliffibh,,

ill(, illt(,l'f(,l'(,ii('(, t)etwe(,ll lhe win_ ttlitt t')lsi,llig(, cait great[y

alter flu, value ()f ('_# of (h(' wing. This inl('rf(,)'(,n('e is such

that a high loeaiii)n (if the wing ())llii(, fuselll_(, gives niore

])osilive (,ff('(qive dih(,(lca] (]iighi,r --('_) aii(l n low wing

]o(_lliion Kivi,s less positive (lili(_(h'al than it )nhlwin 7 [)()sitlon.

This eff(,ct is (ri,ai.e(t theoretically in felt,fence 69 and hits

t)eell studie(l eXl)(,rim(qlta]]y in refer(_nee,_ 37 arid 39 to 43.

Th(, foih)wing siniplifie(l expression for (,st inlltiing (he inere-

in(qit in (+t)_ ('ause(] by wing-fuselage iI!{erferen(_(i has I)(,(,n

th, velol)ed fr(im the relationships presented in r(.ferenee (i!l
and in ()lh(q" s()lli'(:(,s:

(, ,<i- z,, h-[-w (17)
A _ _= 1.2,, .,'l -b b

This ('xl)ri,ssi())i has l)e(m found to give r(,asonal)ly good

ltgr(,(,nlent _ith exl)erimental data for a variety of config-

uralions, li is suggeslod thai values of A(<_j 1)(; (_lllv,u]ltl(,(l

fr()ln ilti_ (,qultlion ft)r l)olh the design llntler consi(ler-

alien lin(I f(_i" lhe design for which force-it,st (lltia are avail-

able. The (litt'(,rence belween th('se vlthies (;a,n th(!n })(,

a(l(l(>d (with lhe l)roi)er regltr(1 for sign) to the for('l,-iesl, dlti.lt.

VerticM tail. -The vahie of (_t_<o, deter}nit}e(| front force-

it,s( (lalii Oll II shnilar (h,sign can 1)(, c_)ri'(,ele([ its follows Lo

(/titMn ('%,,_ for lh(' design under consi(h,ration:

/(, z\
Yj

'I'|i(_ r('sul(s ()f r(,f(,r(qlce :)5 indicate thltL (',_,.. can It}so be

affec(('d hy lh(' l(wltt,ion of lhe horizontal tail with re,_l)(,(q (o

(])e v(,rtical })ill. If (he (we designs }lave al)proxinialely (,he

same h()rizontifl tail size and bleat}on, however, Ibis ell'eel,

can Im n(,gh.(,(,(,(l.

The vail}(, ()f ('_J,,i_ for a V-tail eali |)o estima((,d from (.tie

following oIlllJiricnt[ f()rintiht:

] I
" }*_7-tail I

)L b sin I' (b .... <,-r-4z._,._, sin l') _<.<.. (19)

ir'>,-,,,,, }L b sill F (bv-ta. _4Zv-e,,,, siil I') d.¢a

where b.,__..¢ i_ (he dewdoped (not I)rojecled) span of the

V-tail, z.... , is lh(, vertical (Its(ante froiil lho ('enter of

gravily (,) the ('hor(l of the V-tail (positive up), an([ 1' is

the (lih(,(h'al ling}t, of (tie V-tail. More information on

V-Ill.}Is (tall h(, [t)und in l'efel'OliC(_S :J(), (12> alitl 6;/.

]n lhe ('}IS(, ()[' il v(,rti(:al (all loeate(l ()ii (]i(_ whig, t..]l(,l'(_ is)

in a(|diti()n t() lhe increinentlt| (_tn produced by Lit(; l at|

hth,ral force, ilii in('r(,nienlal ('_ i)ro(tu(_e(| t)y the in(erfer(,nco

eft'eta( ()f ih(, v(,l'iivi_} lail Oil l]i(_ whi 7. Siil(,(_ this inl(,r-

f(,i'(,ll(!(, ('ff('ci varh,s greatly with si)lili_,is(_ li, ii(I verli('ltl

l)osilit)n t)f ih(' iliil, it sholil(1 1)(! (lei(!rniin(,d fl'oHl force

t esls. (!sultlly the inl(,rfor(,Ilc(, is such thltt, ll_ v(,rl.ica| l.lti|

ii])(ive t]l(' Will 7 gives a negativo illcl'eIll(qit of (' (t)osi(,ivelfl

('tt'('ciiv(' (lih(,(Iral) and one below flit; Wilig gives it posit.ire

iiierent(,nt ()f ('_;_. .In g(ql(q'll_I, the lltrg(_st ilit.erf(,r(mc(, (d[ec{s

are obtain(,(t wit]i v(,rtieM tlii|s at or liear t,]lo wing tips.
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THE ROLLING DERIVATIVES Cnp, Cfp, CYp

('rip

The wing and vertical tail a,rc the only 'lirphum cmnp:ment,s
that contribute apl)reciably t,o lhe yawing m_)m(,nt due t()

rolli,N derivative U%. Th(; contributions (,f th,_ fuselage and
horizontal tail can usually l)c negh'cted.

Wing.---The contribution of tim wing to (.',,_, c'm bc esti-
mated from the h)rnulla and charts of tigul'o l() whMl were
taken from reference g!). Altll-migh these vharls al)ply

strictly only to wings having a tal)cr ratio of 1.0, (,Xl)orinlent, al
(latt_ havc indicated that they will also pr()vi(h, fairly good

estimates for taper ratios of 0.50, 0.25, and 0. In the esti-
mation forinuhr

(ac. 3, (At,, ")_
e%-- Co"<,)o (2o)

the vahic of (CDo) _ should bc deiau'niin(,d, if p()ssil)l(,, from
force-test data obtained at high Reynolds nunlbor on the

O
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Fmt:RI,; 9.--ElIcct of dlhe(h'al allgh! Oil CI$ f-r the (!Its(' of SilbSOllic [llCOlillll'l'_-sib]u Ill)w (Clo

ill r:l(|i:l.lls; r ill tlt,gi.ccs). 'Flikt!ll frorll l't!foriqlCPS 59 tlIItl fiN.

F (c,,_) ..............., ]', L"-(c,,,.),.2o,,""
where

(A+4)-COS A
CLe%. A+4_o_A (_ _r)A-0

T_p

F- 2

wing undcr c(msi(h!ration, sine(' low Rcynohts aural)or dala

niig|ll, in(lit'tile villlies of Y llt'O((.Do): tltal too largo. For the

cltsc, of smoolh wings with a [l/rge leading-edge ritditis and

(Ylow oi' lllOli(,l'lllu swl,(_[), it is Sllggl,st(,(t thai ( _Do)<, for lile air-

t)lalle t)c ll.SSlllll(,(I ill lie z(q'o a[ all lift, (:o(!fli('icnLs lip to tll-e

st, all. "l'hi._ assunlt)lioll will result, in lai'gvi- llega.l.ivc vahtes

(if (_ thaii w(iuhl t)(, esi.inmtod frolii ](lw I{(wnohls iitliiilmr

dala oi1 (('lh,)_, liD(] (!OllS(,(lllCll-tl.v nllollh[ ](ql(t Lo (:ollsi!rvaLiYc

dynalnic stalfility resulls since an increase in (',,_ in the ll(,git-
tivc (lirccii,m ]lain Imon fOlllid to ('auso it, reduction in (tynami('

• (' . .stalfililv. Ttio vti|llV of (.v0), " for highly swcpl_ wings is oftpit
vcrv liu'gc at, high lift, (:octticients, CSl)c_qally for wings with

i'Ollgh nlll'fac_,n, sllilrll leading edges, or trialtglllll.r 1)htn forlli.

I(,l(,rlll-illo_l OVOll- fl'Olll lmvFor these cilnen, vahlon of ((D0)< ' (

Reynohls mlml,er dnla might 10ad to reasonably good (,st i-

mates of (7,,,. hi all t lit,so (..ascs, however, ]figh-scah; drag
data should tie usc(l whenever il_ is availat)lc.

Effect of high-lift devices. --The I)rincil)a/effect of leading-

edge high-lift dovi(.(,s is to cxten(1 to a highcr lifl vm,llicient
l hc linear val'iatimi of (' wit]l- lift cr)ctti('ient. The formula

tip

a.nd chill'is of tiglu'e 10 arc directly al)l)licablc to this cane. Th c

eft'eeL of lrailhig-e(lge high-lift dcvi('cs is liOlb St) straight-

f(trwar(|, bul experimental data have indicated lhat the

fornlllla and clial'tn of llgurc 10 also give reasollal)ly good

ostimatos in lifts cane.

4O
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FIi;YRE llL \'ali:_1i,,,_ of (AU. v ) Ii'_CL mid (AC n P)7/(f"S)0) _ _ ilh aSl,,,ct raiio f,_r Hie
t+_l>u of stlb:4lHlic ill(:llillprt',_bibh_ flow. X=l.0. 'l'_lkl'll [l'Olll rt'fITCIICI ' ,idt,

C%=(aC,,v)] (aO. ;C -L_ _v_2
C'L .c+ (C_o),' (Coo)_
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Vertical tail.-The contrihution of a.n isolated vertical

tail surfac.(, to (',,p cttrt he estitnat(,d by th(, fol/owirqz approxi-
mate fornmla which has also been commonly used to esti-

mate ('%,o,_ of a ('Oml>]ete ah'plam,:

r' =--2 1 z (21),,,,,,,, _ _ C %o,,

The values of Cr&o a should t)e (letermim,d from force-test

data as previously discussed. Instead of the geometri(" tail

length l/b, it. will usually be better to use the efl'eetiw, tail

length --C,_,/Cv_,_ as determined t)y for('e-test (lata.

Formula (21) then he(:omes

C. 2(b ) (21a)Pin i! (_ a _ta il

In the case of the (.(mw'qtionally located v(wtieal tail surface,
however, the rolling wing pro(lue, es a si(lewash at the tail

which greatly alters the tail contribution to C,p. This side-

wash causes the wtlues of C%,,,_ to be much more negative

than is i||di('ate([ by formula (21). This effect is discussed

more fully in reference 36 iu which is also presented a method

for estimati|lg lh(, sidewash. Some preliminary theoretical
studies have indicated that (hi, (ql'e(q of the sidowash on

C%,ov varies considerably with tail size and tail h)eation

and to some extent with wing I)lan form. A coml)rehensive

experimental vei'iVealion of this theory is l)lamw(l but as

yet only a few s(,at|er[,d checks have been obtained. For

the case of the conventionally h)('ale(l vet'(teal tail surface,
the following formula has be(,n found to give estimates of

C that are in fairly good agreement with experimental
J rl Ptad

data:

(22)

O1"

(9 ]C.,,,o,=2 -- b .=o C%o. (22a)

This formula is I)ased on the assumption thai C%,o_z is zero

at. 0 ° angle of attack and varies with a,aglc of attack iq the

sam(' mamu,r as indicaled b.v fol'nlula (21). Formula (22)

or the method of reference 36 can he used satisfactorily for

first approximations of C,%._ for most configuratioqs with

conventionally lo('ated vertical tails. For more accurate

estimates, especially for configurations having an unusual

tail size or tail hit;at'on, experimental (lala shouh[ be used.

For wings of triangular plan fornl with vertical tails either

directly ahove or ahove and slightly behin([ the wing, exper-
imental data have lint'eared that neither formula (21) not"

fornn_la (22) gives m_ re,era'ateestimate of C%,0,_ bu_ that

an average of the values ohtairwd I)y the two formulas pro-

vides a fairl.v go()(l est ima re.

It is obvious that these methods of estimatiqg C_ are

only approximate and ave Ol)eq l(I question in maqy eases.

Experimental and theor(qiea/ studies ,it'(" ctwt'erJtlv beiri K

made t,o provide better methods of _,stimatiqg (',, . These

st,dies indicate tl,at the sidewash from the fuselage as well

as that from the wing shouhl be take!| into a,ccouqt in esti-

mating C,%o£ When these melAmds become availabh,, the

approximate methods presented herein shouhl tw discarded.
At the present, time, howeww, formuht (22) and reference

36 will usually i)rovi(le much more a ccut'ate estimates of

C,pt, u than formula (21) which has been iu eonllnon use up

until this time.
eta,

Wing-fuselage.--Most of the rolling rot)meat due to rolling
(damping-in-roll derivative) C_ of an airphme is pro(luecd

by the wing. Th(: effect of tl_e fuselage ('an I)(, neglected

unless the ratio of the diameter of the fuselage to the wing

span is relatively large (greater than about I).3). For large
values of this ratio, the value of C'_ will lie smalh, r thaq that

la

for the wing alone hy an a momH that ('an I)(, eslimate(I from

a eonsi(leration of the ar(,a and lah,ral e(mt(w of ])ressm'e of

the wing area included within the fuselage. (See references

I06, IiI, and 115.)

Wing.--The (lamping in roll of wings has been lhc subject

of many experimental and theoretical i,vesligali(ms. (See
refel'enees on Cz in tahh, ll.) As a result, some methods of
estimating Cz l_ave I)een deveh)l)e(t whi('h have been fl)und

lo

to give reasomtl)ly good agreement with ('Xl)eriment al results.

The method prese)m'(t in ref(,re,_ce Sl al)l)ears to give sulti-

cient ly accurate estimates of ('z for zero lift. This method
u

is extended it) r('f('ren('(' 92 lo I)ermit (hi' (,st,real,on of (_z

over th(, normal tlight t'atlg(, of lift coetlicient. Estimation

('harts anti formulas from refere,we (32 are t)rese!m'(I in tigm'e
ll.

High-lift devices.-Experimc|md (lnta have iIMi(:atcd that

the (lampiqg in ('(ill of wings at low and moderate lift eoelli-

eient_s is not greatly afl'eeted by the a(htitio,l of high-lift

devices such as trailing-edge tlal)s, lea(Ill,g-edge flal)s , slats,
and slots. The princil)al effect of such devices is to in('reasc

the lift coeffi('ient at which the sharp (le('rease in ('z o('curs.
Th(; charts and formulas of figure I I can lie used Io estimate

the C_v of wings with either full-sl)au or I)a;'tial-span high-lift
devic(,s with fair ae(qlra.(_v despite the fact that lhe method

is not strictly aI)I)lieat)h, to partial-span high-lift, devi(,es.
(See reference 92.)

Wing-tip fuel tanks.--The use of wing-tip fuel t,anks

usually in(:reases the damping i_l roll of the wing. The

experimental data of reference 94 for uqswel)t wings indi('ale

that the magnit|,h, of the i,wreas(, wu'ies with angle of

attack anti depends upon the wing taper ratio and on the size

and location of the tanks, lTnput)lis]wd (,xl)erimental data

indicate similar effects of wing-tip tanks on swel)ltmek wings.
The following al)tiroximale formula fi)r estimating the in('r(,-

meat in C_ produced by wing-lip tanks at h)w lift eoefli('ients
is based on" tit(, limit,.,(I amoum of availabh, exp('rim(mtal dal a

and shouhl not he ext)e_'ted to vieht w'ry ('lose (t|mntilalivc

23423:";.- ,53 --4
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estimates:

(Maximun: tank diameter'_
(ac,),o..= (c,.),... o,,\- wi,,gspan / (g_)

(23)
where, for symmetrically mourned tip tanks,

Kv = 6

for tanks mounted b(,low the wing tip or forward ,m the wing

tip,
KT=3

and for I)y|on-nmunt('d tip tanks,

Kr-: l

Experimental data for boll, unsw(,l)t and sw('l)t wings

indicate that (5C%)z_,k., usually la,(,on,cs smaller with in-
creasing angle of altack and, in some cases, actually rew,rses

sign at high angles of attack so that the tanks are decreasing

rather than increasing the damping in roll. Th(, data of
reference 94 can be used to obtain an al)l)roximate estimate

of the effect of angle of attack for unswept wings.

Tail surfaces.--The contribution to Ct of conventional
type horizontal and vertical tail surfaces is usually very small

and, in mos! cases, negligible. When an airplane rolls, the
wing produc.es a rotation of flow at the tail surfaces which

reduces the ah'ea(ly small damping mom,,nts of th,,isolated

surfaces, ex('.ept in tlle case of the vertical tail at high angles

of attack where the tail center of l)rcssm'e is below the cent,er

of gravity.
The contribution of an extremely large horizontal tail to

C_ might not be negligible an(t can be estimated by multi-

plying the value of ('b for the particular tail plan form
obtained from the charts anti formulas of figm'e 11 by the

fa(.tor 0.5 St (bt) _-S b- in whi('h the factor 0.5 is in('lu(led t,o

account for the rotation of flow produced by the wing.

The contribution of an isolated vertical tail surface to ('z_
is given by the following approximate fl)rmula:

(;;C_ = '2 (' (24)
tail " Yfltatl

As in the case of (', this formula can be modified t(, t)rovide
_tail

an approximate correction for the effect of the wing on the

daml)ing in roll of conventionally hwatt.d vertical tail
sllrfaces :

;)f () 3( _,(', =2 b °=0 __'°".,.,, . , _- ('. (25)

An analysis of this expression indi('ates lhat the value of

-.6

0

-2

(deg) _

:4 2 4 6 8 I0

Asoect ratio .Z/

FIGT:RE ] l. (?harts and formulas for estimating Cry for Ihe caN, of subsonic illt_Otll|ires.qi|)lo

flow. Taken from reference 92.

(CL")C"IO 1 CL2 _(l+2sin2, _ A+-2t'ps)'__ t CD_t,(), C'L2c,, = (%)_. _o (c,.5_. -_ ,a ¢o,, ' ,,,+4_,o.¢._,, _(
where

1+4 cos A

\ao/ -

C_,_. is negligible at low and moderate angles ()f attack
where z/b is positive but that it might })e faMy important at

very high aIlg]es of attack where z/b is a large negative value.

As it: the case of ('%, exl)erimental data indicate that, for a
vertical tail lo('ated either directly abow, or above and

slightly behind a wing of triangular plan form, the value of

('%,,,_ can be ,,stimatied with })(.Alter accuracy I)y an average
of formulas (24) and (25) than by formula (25) alone. For

conventional tail arrangements, however, fornmla (25) gives

better c')rrehdion with (,xp(wimental data.
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(7)'p

Wing. The following formula for tile derivative Cr
(laterM force (hie to rolling) from reference 89 is based oil

experinwntal data and is the same as that t)resented in
referen('e 25 ex('ept for an additional correction to aeconnt

for tip suction:

('r A +(,os A 1 (26)
(',_ =A+4 ,os,t tan :,q A

The (hlta ()f refer,n('e S_(.)stiow that this h)rmula applies ()lily

for lift (.o(qti(.ionts belmv that at which the (h'_lg factor

(,(fL'[ I)egins to inrrease. At higher lift v,)(,fli('ionts the

exp(,riln('ntal dater indi('ate slnalh,r values of ('rv titan given

by formula (26). l:()r these (roses _m approximation of the

wdue of ('% ('an t)(, ol)tained from the experimental data of
referen('c Sg. As in the (.as(, of (',, , tit(' I)reak in tim variation

of ('). with lift (.oeltieient shoul_l t)e exl)e('te(l to oemir at
h)wer lift (.oetti('ients for wings having sharp leading e(Iges or

rough surfaces and for wings tested at low Reyno](ls numbers.

Vertical tail,-The discussion concerning ('%,°, and

('%_,,_ is Mso appli('able to ('r,,_ . The value of ('r_,o,
for an isolated tMl surfa('e is given 1)y the formula

i _ (YY_tail

This formula (:an be mo(lified as follows to a(_count approxi-

mately for the effects of wing sidewash ill the case of a con-
ventionally located vertical tail:

(;) ]c,. ,o,,-- 2 - ('. (2st
• a=O _ Btall

An average of formulas (27) and (2g) can be used for tails
located either directly above or above and slightly behind the

wing.

THE YAWING DERIVATIVES Cn r, CI r, C1 r

c,,,

Wing-fuselage.--In the past, the contribution of the wing-

fuselage (;ombination to yawing moment due to yawing
(damping in yaw) derivative U._, has usually been found to

be small compared with the contribution of the vertical tail.

The fuselage contribution to the damping in yaw depends,

of vourse, on the relative size of the fuselage and wing. In

the past, the relative size of these components has generally
been such that tile fuselage contribution could be neglected.

(See references 85 and 86.) For some recent designs which

have a large fuselage relative to the wing, however, the

21

fuselage contribution to C,_ is importalH. In the vase of

fuselages having flat, sides or having a flattened cross se(:tion

with the major axis vertical the fuselage contribution may
also be important and some fuselage contribution to C,,_

should 1)e assumed, espe('ially at high angles of atta(.k. ()n

the other hand, experimental data have shown that a
flattened cross-section fuselage with tile nmjor _lxis hori-

zontal can have negative damping in yaw at moderate and

high angh,s of attack.
Tilt' contril)ution of th(' wing to (',,r r_m Iw estimated fronl

the formula and (,harts of figure 12 wlfieh were taken from
reference 25. Vahws of (' for tile wing should t)e estinmted

I) 0

from force-test data. For vah,es of 7/F greatly dift'('ren( from

zero, tlw (!tuttis of refermwe 25 ('an In, used. The f()rlnula and

charts ()f figure 12 are not eonsi(hwed relialde at 1,igh angh,s

of _ttaek, especially for SWel)t wings. The use of experimental

data from the referen('es on (',,_ listed in tabh' lI is reemn-
mended in tiffs (,as(,.

The effect of partial-span inboard flaps on (',,_ ran usually

be neglected. (Se(, ref(,r(,nee 85.) The effect of full=span
trailing-edge or h',a(ting-e(lge high-lift devices ('an t)e esti-

mated satisfactorily from the formula and ('harts of figure 12.

Values of ('D 0 in this case at'(,, of ('mH'se, fi)r (he wing with
the high-lift devic(" ins(ailed.

Vertical tail. -Tile contribution of it conventional-type

vertical tail to U,_ at h)w and moderate a.ngles of attack can
be estimated from tim formula

C,,.,o,[--2 -b Cv a,o,, (29)

or, with the efft.etiv(, tail length --('.a,.a/:C'ra,o., sut)stit,uted

for the geometric (MI h.ngth l/b,

(, :2
' n rtol I CYftai I

The alternatiw' method of (,stinmthlg (_ presented in
_rtail

reference 83 will probably provide better estimates than

formula (29) in the higher angle-of-attack range. The experi-

mental vMues for U presented in reference 85 for power-
nrtail

on or flap-down configurations arc 30 to 40 percent greater
than the values predicted t)y formulas (29) or (29a). These
differences are attributed to lag of sidewash effects in the

free-oscillation tests used in measuring C,. In estimations of

C%._ for stability (_aleulations, similar lag of sidewash
effects slmuld be assumed if the oscillatory mode is of primary

importance but no lag of sidcwash shmfld be assumed if the

aperiodic mode is most important.

Methods for estimating tile (',,,,,_ for wing-tip vertical

tails are presented in references 72 and 85.
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FIG I!I_.E 12.--COll(!]u_l(!d.

Tlw. wing and vovlical t_fil at(, t|w only airplane COml)On('nts

dmt cotltrit)ut(, al)pr(wiably to rolling-moment-due-to-yawing

dorivativc C_ of _m airi)lan('. The contributions of the

fus(,lage and horizonhd hill can usually h(, n(,gh,('t(,d. A

s,mfiemi)irical m(,thod for oslitmJting (Y_, is l)Ves(,nh,d in
v(,f(,r(,n('e SS. This m(,thod involvt, s the use of (,Xl)('rim('ntal

,h_la (m th(, lmram,q,'r C to c(,'r('('t the t]woroti¢'fl values of

C,_i,,_ given in roS,v(,ncc 25 and to estimate the value of

7'Irwin 0"

Wing.--The formula of reference 88 and _he charts of

Ct,/CL from l'eforen(!(' 25 for (,stii-mding Cz, are given ill
wD_#

figure 13. Th(! values of (' gO' to be used in the charts canlfl/ L

be obtain('d from tlgur(, ,g. For Cap(w ratios less than 0.25,

values of Cl_/(_• and C_j,/(_• for a t_q)(,r ratio of 0.25 can 1)e
used. The value of (* used in the formula should be the

lfleX l_

sam(_ as the value of ('_z_,¢ estimated from (,Xl)OrimentM

datt_ l, 3" the m(,thod indic_d.('(t i_t the section on C_. In the

case of Uz,, how(,v(,v, (unliko t lw cas(, of (/9) conservative

dynamic stability results will usually be obtained if the
smalhw vahws of t h(_ &,riwttive (based on low-soMe experi-

mema] data) are used instead of the larger (theoretical)

values. Tlfis dift'er('n(;e is a result of the fact that either an

incr(,tlse in the normMly neg_dive value of C_¢ or a decrease

iu th(_ normally positive value of ('_, can cause reduction in

dynamic s_abilit,y. :ks t)oin_(,d out in reference 88 the esLi-

marion I)ro('.('(luro shown in figure 13 _q)t)ettrs to account

satisfactorily for the (qt'c(-ts of high-lift (h,vices, wing dihedral,

and airfoil section, at least for sw('t)tba(q_ wings. This pro-

cedurc is directly _H)I)licable (o nfidwing configurations but
should not be used for high-wing or low-wing configurations

because changes in wing I)ositi(m produce much greater

changes in C_a than in C_. Work is now being dora' to

develop an estimation method fi)r the eft'cot, of wing position

on (7_,, but until this m(,thod is pul)lish(,d the following pro-

ce(luve is rc('.olnmen(h'(l for estimaling C_, of high-wing an(t

low-wing configurtttions: Adjust the vahm of C_ to cor-

respond to that of a midwing position. Then use this value

of (/_ to estimate a value of (/_, that will apply to _my wing

position.
Vertical tail.--The contribution of the vertical tail to

C_, is usually estimated by the formula

rtait
(30)

where Cro_.. is preferably obtained from force-test data.
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('_ =CL _LL t -l-c'_

When experimental data on (Tl_t.. are awfilat>h,, tl)e follow-
ing fi)rmula from refer(,n('.(, aa (',an t)(, usod and will l)rot)at)ly
l)e more reliat)le than equation (30) because il lakes into

account, any interference eff(,(_ts thai might ('aus(, the etr(,c-

tire vertical location of the eenhw of pveSStlZ-(, of the tail to

be different fz'om the h)cation (h,t(,rmim,d I,y geom(,tri('al

procedures:

(')C%. =--2 _ ('%,,. (31)

substituted

(31a)

or with the effe(.tive tail length -- ' .(_'%.. ('_ _t°,l

for the geometric tail length I/b,

r taz l ' l_ t(_ilC, =2 \t'y,,o,,]

AI
(deg)

.... ±60

- ±60

--± 50

• -± 40

- 0

--+ 501
- -+40t

..... OJ

8 9

C }'r

Wing. -The th(,m'y of reference 25 gives values of the

deriwitiv(_ ('y. (lat(,ral force duo to y'twing) for the whig for

a tal)or ratio of 1.0. Th(, ext)cvimental data of z'(,fi,r(,_lc(,s 25

a_xd it0 in(li(_at(, that this theory is ina(h,(tuate for making
reliabh, ,'stimat(,s of (;'r ]t is r(,eommt,n(h,d lllorefor(,

rwing"

thaL tho (,Xl)orim(,nta] data given in r('fi'r(,nees 25, 59, 60,

and 61 l)t, usc(t in making estimates of (Yyo.

Vertical tail, The value of Cy can be estimated by
r tall

the formula

(' -- 2 l (, (32)
Yrtail "b _ Btail

or t)y the formuh h in which the effective tail length



METHODS FOR CALCULATING LATERAL STABILITY AND :ESTIMATING STABILITY DERIVATIVES

--C%,_./Cr_.,. is substiluted for the geomelric tail hmgt,h 1/'b,

=,)(' (32a)
(_Yrtai I " nZt_ t

Tlle discussion of lag-of-sidewash eft'eels for C',,q,, apply

also to Cr,.t. ..

EFFECTS OF MACH NUMBER

The effects of Math number on the lat, eral stability deriv-

at ives have been t real ed theoret i<'ally in many investigations

(see hrble ll) but, very little exl)erimental data have been
obtained to verify tilts theoretical work. Nhweover, only

a small part. of this experimenlal work has been covered in

lmblished reports (reference 114) I>e<.nuse most of it is clas-
sifted at the p,'esent tilne. It tq)pears, therefore, that_
estilnates of the lateral-stabilily derivatives for the lime

being will have to be based largely on theoretical wo,'k.
The effects" of Math numln,r <m the stability derivatives

can be usu'flly considered negligible for all airplane com-

ponents except the wing and vertical tail. For the low-lift-
eoetticient condition in the ease of many high-speed airphmes,

the w,rtical tail <,onlrilmtes more than the wing to all the

stab|lily derixmlives except (',,,. For this reason, in cah:u-
lations for lrnnsonic or sul>ersonie speed conditions it is

especially imporhml lo know the effects of Maeh number on

the wwtical-tail lift-<'urve slope or Cr+,,, .

Wing. :The elreels of compressibility on the subsonic

st alfility derivatiw's of the wing can be estimated by the
formulas of reference 26. The wtlues of the supersonic

stability derivat4ves for some wing pl'm forms can be
estimated by the references tabulated in t,able II. ]n this

table the derivatives are grouped ,we,or(ling to the t,ylm

of wing plan form and to the p_u'ticular derivatives covered.

A helpful sumnlary and (liseussion of the effects of Math
ntunber on the <leriw_tives for several <lifl'erent wing phm

forms are presente<l in referen(:e 1(16. A summary of the
theoret, ieal lift-eurve slope, damping in roll, and center-of-

pressure character|sties of various wing plan forms is pre-
sented in reference 110. hi the eases in which the theory

shows large or abrupt changes in a stability derivatiw_ with

changes in Maeh nmnber (for example, fig. 10 of reference
106) special care shouhl be taken in estimating the deriva=

t.iw_ ill that particular Maeh number range. The abrupt

changes should be smoothed or faired out in a manner similar

to that suggested in the following seetioll for estilnating

(fYBtai I "

In some cases, experinlental data for supersonic st>eeds will

be availabh' on the sideslip derivatiw's and on the damping-
in-roll derivatiw' C, . In such eases the experimental data

shouhl be used in l_)reference to the theory. Some experi-

mental results haw, indicated that the effect of the vertical

location of the wing on the fuselage on the derivatiw' Cl e

might be greatly different at supersonic speeds fronl that at

25

subsonic speeds. Sint'e no methods are presently available

for estimating this effect for the supersonic ease, it appears

that, at least in the case of high-wing and low-wing designs,
force-test data are necessary for obtaining an accurate

estimate of ('_/.
Vertical tail.--The sideslip derivatives produced by the

w'rtieal tail at transonic and SUl)ersonie speeds can be esti-

nmted theoretically but should be obtained fronl force-test

data whenew'r possibh'. These sideslip deriw/tiw's can be
used to estimqte the tnil contributions to the other deriwt-

tives as pointed out l>reviously. In estimates of the value
of ('- for transonic and supersonic speeds, corrections

) Btu_ l

must t)e made for the effect of Math number on the lift-

eutwe slope of the tail, and these corrections should account

for any differences in t.he eml-plate effect of the horizontal
tnil on the wwtieal tail.

For Math nlHnlwrs l)elow al)out 0.8 or 0.9 and above

al)out 1.6 or 1.8 the etrect of Maeh mmfl)er on the lift-curve

sh)t)e of the vertical tail can t)e estimated satisfactorily from
the theoretical wflues of references 26, 34, and 110. S,inee

eXl)erimental data imlieate tlmt theoretical wflues of lift-

curve sh>pe are usu,flly too high for Maeh numbers from
a|>out 0.8 (>r 0.9 to al)out 1.6 or 1.8, the empirically deter-

nfine(t fairings shown in figure 14 are recommended for use

as a guide in the use of the theory t,o obtain hi)proximate
estinultes in this Math number range when force-test data
are not availal)h'.

Exl>,,rimental data have indicated that for vertical-tail

configurations which have a tail h,ngth (distance from the

center of gravity to the t'fil center of pressure) that is rela-

tively short ill ternls (>f tail ehords, tit(, rearward shift of the
tail (tenter of l)['eSSlll'e at supersonic sl)eeds can cause an

al)l)reeiable increase in the tail h,ngth and consequently an

apl)reeiable increase in the magnitude of some of the tail
derivatives. Theoretical center-of-pressure 1)ositions for var-

ious plan forms at supersonic speeds arc given in refercnce
ll0.

EFFECTS OF POWER

On the basis of existing information, the effects of power

on the lateral stal)ility derivatives appear to be negligible

in the ease of jet-t)ropelh'd airplanes but these eft'eets are
often very large in the ease of single-engine propeller-driven

airplanes. Methods are available for estimating some of

these power elt'eets but in nlost eases exl)erimental data are

necessary for making a satisfactory eslinlate. The effects

of power c.an l)e t)roken down into two general classes:
(1) The effects of the lateral force pr<>dueed |)y the pro-

l)eller itself
(2) The effects of the I)ropeller slipslream on the wing,

fuselage, and vertical tail of the airphme

Effects of propeller lateral force.--:k method of estimating

the propelh, r-lateral-foree derivative (Tra is 1)resented in ref-
erence 31 which is based on the work of references 32 and 33.
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FIGURE 14. --Examples of suggested /airing of l|leoreti(!_tl ",:thle_ i)f tifl-(,llrs (, s]oll(, for usv in

estilll_lillg vahlt,s for the v(,r{ic_l I_),il ill tlw trg.lp:(_ni(, i;_ll,.,i ,

The contribution of the propeller lateral f.ree |() the other

stability dcrivatives can be estimated from this derivalive

by assmning that the prot)eller is effectively a vm'lical tail
snrface and by nsing the expressions for the tail (,)ntribu-

tion to the various derivatives l)res(,nlt,d in the preceding
sections. Some experimental data on the (.ft',,el of wind-

milling propeller on all of tim derivatives are lm'sented in
reference 66.

Effects of propeller slipstream.--The effects of propeller

slipstream on the lateral-stability deriv._tiv(,s ,_re usnally
much greater than the effects of prol)elh,r l_ttel"fl force in

the, case of single-tmgin(, tractor ail'l)hmt,s. The slipstreanl

effects on th(; wing, the fuselage, and (he v.rti(.,I l**il can be
considered 't_ three in(h,pend(,nl (,ft'ecis.

The slipstream effects on the wing can usually b(: neg-

lected except for the d(,riwitives (!b _tnd (*t_. Exl)erimenlal

dnla shmving the d(,('rense in ('It'('('iiv(_ dih(,dral ( ('b)
with l)()w(,r f..' sin_zl(,-engine _firl)lanes _m, 1)resenled in r(,f-

(,rt,nc(,s 55, 56. 57, 76, _m(l 82. It al)l)t,ars higl)Jy ([esir_tl)l(,

to (h,l(,rmin(, this (.tt'(,('t of power (,xp(.rim(,nt_flly b(,c_tus(,
intm'f(,r(,nc(, (,ll'(,(qs mak(, _wcural(, (,stim_iti.ns of the ell'eel

very (lilthqlll. The ['tl'e('t of the slipslreant on 1]w v_tlu(, of

(.'ir,ine {'}lllll()l })(i ('sliln}lte(] fl'lll][l Ill(} dtlta Oll ('t_,,_,,o as

d(,s('ril)e([ in I]., s(,('tion on ('t,. In fa('(, this l)r()(.edm.e
would pr.h.hly girt, the wrmlg sign fro' lh(, in('relm,lH, ,)f

('-_r,,,o vonlrilml(,(I I)y tho slil)strealn. All al)l)roxinlali()l!of

l]ti,_ in('remmH might In', oblained l)y oslimaling (he slip-

str('alll v('h)('ity n.(l th(' ]at(,ral (]isl)la(:(,m(,)l( of lh(, slip-
s)r(,am (,.us(,(l l)y yawing. Usu.flly (h(! l).W(q • (.Ir(,(,.is ()n

('%r.0 and 1'_. ,,,_ _vi]] It(: gr(,_t(,st for (he fla,l)-(,xt(.n(h,d
('onfi_m'alim_.

In the ("_s(, of (h(, single-(,ngin(, 'firplan(, (he (,Ir(,ct of the

slil)str(,,ml ()n lh,. fuselage is usually (o im'r(,as(, n(,gativ(,]y

(h(, v.h.,s ()f (',,_..n(l (')b' (St,(, ref(,ron(,(,s 55, 56, 57, 7:_,

76, and 7,'_.) ._i))(,(, no a('('ur_).((, m(,(ho(ls of esii)m_(ing th(,_e

slipstr(,am (.l]'(,cts ()u P,,_ nnd ('r_ art, '_v.fil._l)lo, it is m'v(.ssnrv
to (](,t(,rmino them from for('(.-( (,st (b)(a.

Th(, (,ff(,(,(s ()f (h(, slil)slr(,am on (h(, v('rli(,al (all art, oft(,n

v(,rv imporlnnl ;rod should also l)e (h,((.rmin(,d from ('Xl)('ri-

m(,nlal (fat's. if ])ossibh,. Th(, in(',r(,_s(, in dynamic pressure

_t, lh(, t*fil caused by the slil)sl)'(,nm is tr(mte(l th('or(,ti('nlly

in r(,f(,v(,n(,(, 1t9 'rod is illuslra,((,(] l)v (be ('Xl)('rim('nt'fl (l_Ha,

of r(,f(,r(,)w(,_ 51,5,5, 56, 57, 73, 70, and 7,_. Th(, ('Xl)('rim(.n(nl

(hdn of r<,f(,,'(,..(, 7s _flso show that( (b(' pr()p(,lh,r slipslr(.a_m
can (',aus(, '_ (h.slnl)ilizing sid(,wash _)t tit(, tail whi(',h will t('n(l

Io re(lu('(, lh,' sl.l)ilizh)g ('ll'('('t of (h(' inm',,_s(,d dy)mmi("

I)r('ssur(, nt th(' lnil. Sine(, (h('s(, (l_(_ indi('al(, t]mt slip-

s)r(mm (,fl'(,(.Is ()u th(' v(,r(ical tail vary gr("_lly with .irl)lan(,

eontigumH it., nn([ pr()pelh,r arr'mg(,m(,nl (singl(, or dual rola-
lion), u._(' ()f' +'Xl)('rim('n(a] (htta al)l)(,ars t<) I)(, the only s_(is-

fa('l<)rv ('st imnli(-)n ])ro('(,(lur(, al l)r(,s(,nt..

Suggested estimation procedure for power effects.--The

followin_ l)r(,('('_lur(' is sugg('s(('d fi)r (.,_(imaling pow('r effects.
()l)(_ti, for(',.-t<,,q ,l.(:_ for i_il off _))(l tail on. l._se l_fil-()n

d'tt_t (lir(,('llv fl)r ('>., (',,_ _u)(l C,e. Eslimnt(, r(,lling and
y_vin_z (h,riv.( iv(,s ,_._ follows:

(I) ]_]slilll:ll,' (r froll} r('f(')'(,n('.(, 31 :rod use this
' Y_propeller

deriv'_liv(, nu(l l))'()l)(,r lint,at (lim(,))si()ns (o ('stima((_ ()(l.,r

I)r()I)(,lh,r (h,riw)(iv(,s (rolling an(l yawing (h'riva(i_ (,st in (h(,
s_m.' mnn).,r .,< (_il d(,)'iv_liv(,s.

(_'2) Sul)lr.(,I (.il-(,n (ln(_ from (.ill-off (bda Iv g(,( v'flu(,s

of (_.)e,,,., (*%_,,, , .m,l ('b,o. fl)r lh,, l)OW(,r-())t (',)ndili()n un(l
us(, (h(,s(, v.lu,,s (() (,slimat(, (h(' l,)il ('()ntril)ulion lo (h(,
o(h(,r (h'rivn( iv..s.

(:_) For t.il-,,Ir vnlm.s of roIli._ _md yawing ,h,riv.div(,.%

us(, s_))n(_ v.lu(,,_ n s fo,' pow(,r-olr f()r "ill (h,riv._(iv(,s (,x(,(,l)t

(a. Estimn(,, (', ,,is sug_(,s(,,(l in l)r('('('(lin_ s(,(,lion.
(4) A(hl th(, vnlu,,s ob(nin(,d in steps I ':) .n(l :} to ,.('l (h(,

rolling _m(l yawing" (h,riv_tiv(,s for (h(, ('omphq(, uirl)hm(,.

INADEQUACIES IN PRESENT INFORMATION AND METHO|)S

]n(h(' co_)r,_(, ()f -._)nmarizh)g the ('sthmili()n m(,lh()d,_ l'()r

lh(, vari()us st_fl)ili(y ,h'rivaliv(,s, (h(' n(,(,d for much '.Idi(i,))ml

i)_f())'nmti()n ())) all (h(. (h,riv.tiv(.s b(,vnme al)lmrent. In
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l)ar(imdar, infi)vmation is m,ed('d t',) )till in the estimati()n
of the derivatives in (he Iransoni(_ and supra'son!(' speed

ranges. Additio)ml work also nee(Is to Iw (hme in c'()rrlqating

and am:Iszing (,xisting snl)slmil' (lain and in obtaining new

exl)(winwn(al data f()t' th(, d('v('lol)m('n( ()f slqnieml)iri(ml
mt, th.lls <)t' vslilnating' ttw sul)slmi,' de.'ivativ(,s without

rl','.;or! 1() forvv-les! (hlln. ,).,nl)l]mr imp()rlant n(,ed is f()r

full-s('al(' eXl)crim(m!al r('sult.'< at all Sl)('('(ls f(w ('he('ldng I)mh
h)w-scah, daia .rid ltw (,xisiing methods of estimatin_ dcriva-

lives, l)(qails ()1 !lw n(,(,(I h)r alhlili()md wi)rk nlong (h(,se

li,.,s arc discuss(',l i,I llw t'()lh)win_ s(,ctions. Sludies should
also t>(, malh' 1o ,hq(,rmin(' lhe .m.liti.,Is I'.r whi('h Ih(' use

()t' slea(lv-:la!e stability (hq'ivative._ i,l conv(,ntiomtl _(al)ilil,y

cllnatio,ls is i,m(h'llmlt(' )_ml !!) d('t(wmin(' salisfaclory
m(,th(,Is of tren, lim,_ :rich c()mlitil)n_;.

TRANSONIC ANI) NUPEItN()NI(? NPEEI)N

Aihlitional t hcor(,ti('al work is mq'ded on the estimation of

stability derivaiives in till, t:ran,_onil_ and supersonic Sl)ec(l

rnng_,s to <:over t tu' range of wing f)hm forms for all the

dcriwttivcs. In part ictthn', re<w(, work i_ n(,(,(h,d (m 1)lan

f(wms <'tlrr('ntly mMcr ('Ohm!dr,ration, such as wings having

moderat(, sw(,t, pt)a<q_ and tapt,r. Thi: re,eli is illustrated I)y
tat)h, 1I whi(,h indicates that very little material is availal)lc

()It tilt' stability (hq'ivativcs fro" such I)l'm forms cxc('l)(,

1)erhal)S, for tim derivative ('_ . It aI)l)ears from the table

t haL this d(,rivative and the triangular phm form have, in

lit(' trust, rccciv(,d a (lisprol)ortiomtt(' share of attention,

1)rol)al)ly t)e('_us(, of the greater ease with which they could

bc treated thcorcti('ally.

The greatest n(,cd for work on stability derivatives at the

l)rcs(,nt tinw is i)rolml)ly in th(' measur(,mcnt of the deriwl-
lives at transonic aml SUl)('rsoni(: Sl)eCdS. Experimental

data ()it wings arcm'_Z('ntly nc(,d(,(l for clwcking the th(,oreti('al
work and for t,sc in tilt' d('vclolmu'nt of ('mlfirical cori'ectioris

to t,h(, theory whcrev('r ne('('ssary. Su('h corr(,('tions are

1)arti('uhn'ly nc(,ded for fairing out, abrupt variations of the
dcrivatives with Xla('h number and flw fairing through the

Xln('h nmnl.,r range for whi('h t/wory predicts intinitc

wdm,s. Examllh,s of such dis(.(mtimdti('s as indi('al('(l by

(h(,ory are shown in figures S t() 13 of l'(,fel'l,n(_(_ l()(i. Since;

CXl)(,rimental data ol)tained at suI)ersoni(' st)eeds on wing-

fus('lagc comt)inalions and on cOral)lore too(lois have revealed
intcrf(,ren(,(' cff(,('ts that art, (liffcr(,lll from those ol)taim,d at

subsonic speeds, it appears highly (h,sir'd)le to obtain at

least a limited ainount of ('Xl)erim('ntal data at transonic

and SUl)('rsoni(' Sl)('('(Is to l,wduat(' th('s(' interf(,renc(, (,fleets.

For (,xamph,, inv(,stigations should l)l, mHertak('n (.o d(,t(,r-

mine the cll'c(.t of wing-fus('lag(' ini('rfl'r('n('e on th(' (h,rivat.ive

(' and t h(' ('n(l-t)lat(' i,It'(,ct of th(, horizontal tail on the
'l)q

lift-curve slop(, of the w,rli("d tail.
Most of tit(, CXl)('rinwntal tiara on stability tier!vat!yes at

transonic an(l su t)ersoni(: Sl)('('(Is will of necessity be ot)tained

at lh,ynohls mind)ors i.onsid(,rably h,ss than full-scale values
and under t(,st (,onllitions which might r(,nder th(' r(,sults

OlWn to question in st>me (,as(,s. Full-sl'ah, eh(,cks in llight
of th(' lo_v-s('ah' tiara and of tit(' (,s(imnth)n m(,tho(Is th(,r(,fore

al)l)('ar It) I)(, (h_siral)h,. ('ons(,(lU(,ntly th(, m(,tho(L_ of m(,as-

uring slat)!lit 5' (h,rivativ(,s in tlight now b(,ing develop('d by

lh(' (5)rnl,ll A(,ronauti,'al l,ahora(ory, lit(' Nlas_achusl'(ts

In,_titut(' ()f T(,(qm()log.v, and (hl, XA('A :h()u]d b(' (,xt('n(h'd

1o trans()ni(, and sul)('rs(mi(' sl)('l'ds when tlt(' m(,(h()(ls apl)('ar

to I)(' (h'v('lol)l'(l to a sa(isfa('lory lh,gr(,c of rclial)ilitv for the

subs()ni(' case. St)m(, pr(,limimtr.v (.()t)sid(,rati()n_ involved

in tlt(' usc ()f th(,s(, flight, t(,('hni(itws art, (li:('t_s:c(l in r(,l'(,r(,n<'('s
120 to 123.

N 1! |1,';() N I (' NPEEDN

Th(' n)('th()(Is pr('._l'n(('d in thi_ r,'l)or( for c..<(hnating' the

st,ability <h,rivativ(,s at sul)s()ni(' Sl)l'('lls (hq)l,nd eitht'r dirc('tlv

or in(lire('lly on the use of forc(,-t('st (la(a. Th(,sc mctho(ls

art' l)rol)al)ly m,)r(, r(,li,l)h, than m(,tholls whi('h Ill) not,
involve tlt(' use of for('('-t('st data ()n the l)arti('nlar design

unlh, r (.onsid(,ralion or on a similar (h,sign. Nl('tho(Is whi('h

(to not. rely on such daln art' (](,sival)h' in st)m(, cases, h()w('vm',
l)(,('ausc th(' ncc(,ssary data will not always I)(, availal)Ic.

In the case of si(h'_lil) lh,rivativc:, ('ml)iri('al m(.thods can

l)rol)al)ly I)(, d(,v(,lop(,([ hn'g(,ly from (,xis(ing information.
In some ('a,_(',_ it will It(, n(,('(,._s,trv to augm(,n(, the existing
informal,ion with n(,_v results sin('(' much of till' availal)h,

for('(,-tcst, data w(,r(, not, l)l)tain('(l in a manner that would

mak(' th(' data readily u:al)h, f()r lh,v(,hH)ing gen(,ral (,sli-

ltlation l) FO(_(qh t I'('S.

In lit(' case of rolling and yawin_r (h,rivaliv(,s, (.onsi(h,ral)ly
ll,,_s infl)rma(i'.m is av)filal)h, (hart in lit(. (')Is(, of th(' si(h'slil)
(h,riwniv(,s. Xlost of till, informalim_ m)w availal)h, was

ol)lain('d in (he lmngh,y sial)!lily tram(,!, l)rin('il)ally l)n wing

(,l)nliguratians a,nd (_) 't limi((,(l extent on ('oml)h,l(, airl)htn('

ino(lels and airl)lan(' ('mnl)Onents olher than (h(, wing.

(_onsi(h, ral)ly rot)re work is r(,(luirc(l, ('Sl)e(gally for com-

l)l)nenl_ in (.oml)hvtthm, l)ef()rc sa(isfactm'y methods (,an l)e

(h,velol)(ql for (,stima,(ing rollin_ and yawing (h,rivativl,s
without (It(, use of f()r('(,-tl,st (lala on (It(, I)ar(i('ular &,sign

unllcr (.onsi(h, ration o1" (-)D a similar (h,sign.

In (lis('ussing (he work n(,l'(,ssary f()r (h'vclol)ing nl,w ])ro-

('(,dur('s for eslima(ing (he stability (h,rivativ(,s withmtt the
use of fort.e-test, data ,)n (he design m_(h,r (.onsi(h,ra.(ion or

on a similar design, it, is us('l'ul (<) l)r(,ak lh(' I)rol)h'm down

into two par(s: (I) eIl'(,(q of in(livilhml (',)mpmwnts and (2)
t,h(: (,ffc(:t of interfcrcn('c of the ('oml)l)n('nt,s on eal-h other.

'!'Ira I)rin('iI)al COml)()nvnts Lo l)e (_onsi(h,rcd are the fus(,-

]age, wing, v(,rlical (at|, and prl)p(,lh,r. For the iso]ate(l

fusehtg(b (he main i)rol)]em is t,hc dcvelopmenL of methods

for lhc (,slim'),! ion of (',_,_ and then, t)erhal)s, of C',_r anti

(' For the isolated wing, the main 1)rol)hqn is ta estimate
• y_.

the dcrivatives at lift coeftlcients above that at which

separa.tion begins. Su(.h estimations c_),n 1)e made with

reasomfl)lc ac(:uracy h)r some of lhe (h,rivatives by existing
methods whi(.h make use of force-test, data, but the develoI)-
men(: of methods which (1o not involve the use of forcc-test

data will prolmbly 1)e very difficult. For the is_)la(ed vertical

tail, the prol)lem is (o estal)lish the ett'cc(ivl, tail arc_ and

aspect ratio from the geometry of the tail so that the lift-

curve slope (or Cry) of the tail can be (,alcuh_ted. Solutions

to this seemingly siml)h' !)rot)lore have in t h(' l)asl 1)(,('x)m(,
involv(,(I with int(,rfer(,n('(, etr(,cts st) that, as yet,, n<) rc]iabh,

mctho(ls have been Iml)lished for (,st!mating C),_ of th(,

vertical tail from its geonlelry, l,'or the isolat(,(l l)rOl)ellcrs,
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tit(' work lhai i._ ne('do(I at present i_ n _y_t(,nutli(_ (']w('k of

exisiing nwtho(l_ (if _,siiinlitin<: t]., lat(.rlll f<,r('o on t]w

prol)elh, r to (h,li,rlnlnt, the a<'+'urnt.y <if those nit,tho<ls.

The l)rhlvi[)ll[ hil('rferen('(, (,ff(,vts l(i t)(, consh](,red ill'('

nlulual inll,rf(,r(,nve (if i]1(' wing lind fus(,hi.vt, , _ving-fuselagl!

inlorfi,ron('(, on llu, vl, rli('iil ltlil, ti()riz()nllil-llti] hilorforonee

(ill the v(,rtivM ln il, lilid ])i'opo]]cr-slil)_tronnl ililol'Pi,i'(,n(q, Oil

l|te wing, i'usei,ig0 lind l(,l'li('lil lliil. Thl, nuilulil-hil(,rforen(_e

efl'l,cls of the Wilig tili(l fu._(,hlve lil'e I)rlilml)]y ilniioi'tttnt

only. for liu, (h, riviltives ('_j, (',,j, lHid ('_., A ]lll'_l! lllllollnt

(if 0xi)orinionlii] (liiltl is ltvliihlit](_ ['(il' ill(, shloslip (h,riv-

ativ(,s I)ui li(i ])roc('dul'es for osthnalhig llu, int(,rf(,r(,n(.e

effects on till's(' th,rlvaiiv(,s ]ilt','(, t)oon i'el)(irled, liVhi 7-

fusellig(, ilil(,l'f(,i'on('o lilts v(,i'y inii)ol'tlinl effe('ls Oil ('y_ (if

lhe v('i'liclll fail ltlid ('(m,_eltut, nl]y oil Mi of th(; stability

derivillivl's fill" S()lll(, flight condili(in:. 'l'll_,sl, i,ft'(,(.ls result

from l lio sid(,wiish lind vlit/llgO ill ([ylli/lliiu l)i'(,SSlll'( , at the

ltiil whi(.h liiil_v result froni sideslil)t)hlg, rolling, or yawing.

All]l(lugh (':lnsiderahh, (|iilLli whh'h show lh(,s(, inll,rferen(!e

el]'i!(.ls liro livalhllih, i)arli(.uhlrly for lh(, i.tt_;o ()[' silil,slil)t)iiig,

no rl,lilit)h, lii(,tiiods exist for (,slinilitili 7 lh(, iillt,l'['(,l'(,iit_o

etre(,ts, t[orizonial-tttil ilit(,I'f(,i'(,ll(.(, iliso has all hnportant

effl,('t on ('y_ (if llie v(,rth'al tail fro' Sill]i(, horiz(intal-ta, il

positions. _oine work on a limited fill]lit)l,]" (if c()nflgurations

has been ill,no toward developing lneth()ds (if est, ilnaiing

lids offecl tnll iilitli ill'i, re(tuired Oil more ('[inflgurfiti()ns

])(!fl)re lli(' ven(,rnlly alil)li(!alih, lneth(ids Cllli }J(, evolved.

The ])rotiolh,r :]ilistri,an! (!all ('allSe ilnl)iirtltnl (ffh,,i_ _lll

('lj ilni] (_ ill llio wing, (lll (_'a an(] ('r# (if the fllSl']ll7(' , II11([

(ill (_t'j (if lh(' llii] (i] lid e_ln._(,qll(,nlJy (ill the tliiI emllribution

t. all llu, (]orivliliv(_s). _Olll(! dll.tll are tl,vailllt>ie f[tr l]io

effe(_t (lf lh(, sliltMrean_ Oll the sideslip (h'rivllliv(,s ]Jill,,

t)ocaus(; of lh(, ,'onll)h,xity of this [)rolJlenl, c(uisi(h,rlillh,.

mhtili(in,iJ (lahl IllltV lie vequive(I t)efore a slllisfilelm'y inelh_)d

(if esliinliling 1]i(, _lil)stl-i,aili (,lt'(,(_ts cltJi lie devohll)(,d.

As nlenlioned in lhe i)rt,(_eding s(,cti_m, fuil-scah, chl,(!ks

of |(iw-_(.llh, (]lllll. anti (if tim /!sliirlali()ii in(qllo(ls Ill'(' ([(iSil-al)h,.

For the SilliSolli(. ea_,e some (if the l,ll(,(q_s ('ali I)o o])lliJn(,(]

fv(Jit<i ]il l'ge-._(.iih, win(t-tllnn(,l l(,sts hut sitlii(, (.h(,(.ks in full-

s(,lih, flight iest_ sii_illhl also lie obtaine(I wh(,ii llie vtli'i[illS

nietliods (if' Ineii, Sill'ilig_ staliilhy d(,rivillivos in flighi ill]re

been (hw(dot)(,d tit a satisfactory degree of a('(mra(,.y.

LANGLEY AEIUINAI'I'ICAL LhBOttAT(HI, Y_

._'ATIf)NAL ADVIs(IIIY COMMITTEE FOR AI,]IU)NAI!TIC.'-:,_

I_AX_Li-:': lqt,:L_), Va., December 13, 1,950.

APPENDIX A

EQUATIONS OF LATERAL MOTION

Tile ithnl,nsionM equations for the lil lorlil nl(ttions of lili llh'phul(, are

mkx_ d20_bL d¢ bmkxz d2_ _L d_ _I. v--L:=O
dt 2 Op dt dt 2 Or dt Oc

d'% O <16 2 d<'_ ON d¢ ON
" a_ op <u dt 2 Or dt Ov v--A'<_O

(-:_--(Lifl)4> ¢ m V de bY d6_(Lift)(ill n "/')_k I _
5p (_ dt Or dt

(A1)

1
If e(luations (AI and (A2) are divi(h,(I IJy ,j p |'_,% luid eilualion

express(,([ ill the ('.(inv(,lilioliaJ non(linl(,lishmlil f_)rin in v¢]ii(.]i tli(,y ]lllVP v(,n(,rally bt,(,ll pl'i's(,nt(,(l in NA(','t i)il,])(,l.S (for

examph,, see i(,f(,l'ellee 7):

(A 2 )

d _, ,3I"
,It _)v v--Y_=0 (A3)

I
(A3) is divi(h,(l t)y 2 _ l%h', t ho (,quations of nil)lion ]nil 3" tie

=0

(A4)

In order to convert these (,(luations into a forin whi('h will r('(lu(m the nuinller of arithnietieal and algebraic steps in

d24) 1 (,q, d¢ +,)laKx z d2_b 12uKx'* d._'--2 ,I.,. " • _,¢_-2 (",

d'20 l itl_2,UKxz i11_.'-'--2 ('"_ + 2_I(z" d"¢ 1 (,

l :, +le___ 4¢ l (, ,l_ (,--'2 d.v "L0 4 2u <t,;- 2 ds- L

<l¢ (, ,

(la_ ,_) ¢5 2v ,t7-(',._-(,,.o
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performing stahililv cahqtlati()ns equations (A4 are mulli-

plied ]>v m."'pN/) aml _/'e w/'illen in l]w f()lh)wing form:

(1)2-lj))O ! (t£_l):- I,I))q_-l;_ /_=1} 1

(IC, l)'-'--t_,,l))¢ ill) 2 -,,1))6 t_;_3--n,. 11
(A5)('," ( + ,

--,l,_l)-- ,")0+(I)--'/_/)--,_tan_)• "z , ' 2

(I) -- ?t;_)3 -- !1;= 1)
IW}I('I'(*

m m t d

u==v,_,'f_ r -pSi" _ ._ I) d_

t_ x" ix z"

1
_ 2Kx -2 ¢'_ _'_ _2Kz=' 2

1 1 1
lp 4K,,.: ('% t_, 4Kz _ ('% !1,: 4_ ('r'

1 1 1

l_ -4Kx2 ('r n, 4Nz 2 ('% !I_;_4._('v_

1
1== ,a _ (',% !/, ('v2Kx 2 ('_ _ 2Kz" ='_ '
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APPENDIX B

APPLICATION OF THE I, API, ACE TRANSFORMATION TO CALCULATING MOTIONS

The al)l)li('alion of the Laplace transformation to lhe

cahmhn ion of the lal.ernl mot i(ms of airphmcs is l)resented in

order to illustrate the deveh)l)mtmt of the e(ltntlions of motion

in the form in _hich lhey are presented in the present report.
This work is similar to that l)rt,scnte(l in references 5 and 6.

In fiwt, it follows lh(, pres(,ntation in r<4erence 5 wwy closely.

Reference 6 presents a I)ricf exl)hmalion of the Laplace

lransforma[ ion an(I its al)l)licat ion to solution of |he equations

of motion of an airl)hme. This report also makes reference

to detailed explanations of the I.,aphlce Iransfi)rmation. In
cases where moditi(;ation of lhe equations presented in the

present reporl are necessary, reference shouhl I)e made lo

these text s for an understanding of du, malhemal its involved.

Applying t he L_q)lacc transforms

1
L( 1)-- _. L(I)o): x0x-- %

L(O)= Ox L(I)-'_)--- x%x-- x 4,o-- (I)4,)o

and multiplying each of the e(luati¢)ns by X transforms

equations (AS) from appendix A to

(X3--1"X'O4_x + ( K_X 3--1_X'_)¢'x--l_X_x--- r _ ]

(IQ X:'-- n, X2)4,_+ (Xa-- m XO_x-- _X _ = r.+

1 2 ('L 2 1 2 L

(--I/vX- 2-X)4_x-_-[X--iIrh--_2=2-(tan v)X] _/'x-}-

(X_- y_X)3x= r_

(B1)

whol'e

2 _ 2 I
r_ (X--l,,X)cko+(KtX--lrX)_ko4-X(DO)o-vK,X(D_k)o+l_

Solving equat ions

-t_X

X2- y_X

Cx= I_/_ x

-- n_X

X2-- !/_X

q 2r,,= (_K2X--- n _,X)qs(,-]-(X -- n, X)¢,o-t-K.2X(1)0),,-+ X(lAk)o+ _

r:,= --_/,, x +o+(x- u,x)¢,o + xt3,,- .q_

(B[) I)y (h, terlnimmls gives

I'l I(_X a--I"X =' 7)X

f2 _3--llr _2

(,
'_ '2 L

X'--!/_X -- _- (tanI" 3

X:_-/,,;'d

/(,2X :_- n z,X2

(_
2 L

--y_,X -- :V X
I£_Xa--l'X2' "l,)X

X3- II _X 2

X2--1]rX2-- 7 (tan

which may be expressed as

) aox_+a_x_+a2xa+a_x2+a_+a_
x= X2(AXg_BX3@(_X2@ I)X+ E) (B2)

Similarly the expressions for _'x and 8x are

, b°Xr'+b_X_-i-b:X3+b'_X"+b4X+b_ (B3)

C0X'I + C,_k 3 _- C2)k 2 -5 C3X _- C 4

¢3_-- X()i X4-[ BX_ +('X_4 l)X+/£) (134)

where the expressions for the coefficients in equations (B2)
to (B4) are given in terms of the mass and aerodynamic

stability derivatives by equations (1) to (4)in the main body

of this report.
In order to obtain the actual variabh,s from the trans-

formed varial)h,s, an inverse Laplace transformation must be
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npplied. TI,(' expressions t'm' qa, ,/'x, and ,8.,, uv(, Ill,, form
,xivx where ,x _md v_, are polyn(mlinls, the d(,gt'(,e ot vx being

higher titan lhal of ,x. Tin, inx'(,rs(, tt'gm.,q'_vJtn of n function

<)f this t3+t)<' is

.+,+-,(,'/') ./q ,,(>,,+)+°,
•,+;,,.: ,,=.,.---f,;,(x,+) + '

In this equation hi[ ()f the, v(.+ts X of +'x i_ nr_' _tssumed t<)

1)(, distin<q. This ,tsstmtt)lio:l is v+_li_l for/_+,,: hilt for +sa tlu(t
'_>,, '+-'x:(1|ltl.s tWO Z('t'o r.t),,)ts. (Set'('(lUttli'utxs (i_2), (BR),

_md (B4).) The l.<'rlns in the p<ttlnlions f<)t' 6 ,l++<t¢, r<,sulli!l+_
frolll l|lp Ix'+() z(+l',_) l't_olts ll, l't'

_V]I('I'(_

+/t_

+Ix

Front (,qunti(ms (1+,5) +rod (I_,_;) th(,u, lhc, iuv('rs<' tratusf()rms

t)f qx, _x, +m_l :&, (('quati<:.ns CB2), (B:+), and (B4)) ttJ't'

qS- +Ii,":',-}-.I .r'°>"-' + +l:+++'x:,@+'l,_+'x+_+ +I+_,':_ .l+; (I+17)

¢/-+ H,, +,_' " B r +x`+'+ 1_:+,"<+++1;,, °_ i H;,+ + 1¢,, (B+)

_: (,,++,x, { (,,,_:.x a !_ (,a¢_,a:,_t ()4/.Xi ! ('5 (l_(,})

The eqlmliotls for the rollin+_ v(,locity 1_ aml the' v+tv,iug

v(,loeilv ," <'_t,+ In. olJt+tin<,d from e(lUnlions (I+,7)a,_d (I+,:"1)b.v
dill't'rm+t int ira+

/J=! (+I,XI, "" " .1 &..e,,+'x++ +I.++X::'+'x:_+ +l),4°x+: A;) (BI0)
7"

'7"

v,h(,l'(, tht' ('Xl_t'<'ssi<ms for th(' c(.'fli_d('nts <,f e(ttmli(ms (B7)

to (l+,ll ') nr(' _i\l,n by t'qll_l.til)llS (t+_) t.o +N) ill t}ll' ,'.+,o('|iOll
otltilll'(I '+('ah'ul_tion of Moli<ms."



APPENDIX C

SOLUTION OF BIQUADRATIC EQUATION

.'klnny methods are "lvailalflp, of ('ourse, fro' solving for the

reels of :L t>i(ltmdratie equalion. For exqnq)h,, there are
]t-orner's, ]%r]'ari's, l_,evnoulli's, I)escarlos', aml ]lilcht'ock's

methods: various methods of solution by trial: and also

various graphical molhods such ns that giv(,ll ill t'efi'rcnre 1.
Solulion hv lri_ll in whi_ql svlqlhetie divisiml is used, however,

is ve('ommo_.h'_l as being ihe simph,sl nwlhod for mosl,

lateral slalfilitv wc.r],:. 'I'ho charnctcristic e(ttmtic.n for the

lqleral motimls of ul_ _lirplano

• IX_+l_'x:*4 ¢'X" _ I)X_E 0

generally has 1we real roots an_l a pair of conjugate eomph,x
l'OO[S. FOl' lhese ¢'ast's Iht' two I'e_lI fools t'an t)e t'actm'ed Oil|

easily aml lho romainin_ quadra/i¢, strived for lhe ¢'onjugale
eonq)h,x roots. ]n the fi,w cases for which all four of the

I'()O[S Of 1111' characteristic equalion are ¢.mnplex, l)escartes'

method _uitn tw uspd t() fact.v the tfitluadralic equalion into

two qtmdrati('s. When there are real roots, sohttion l>v

])escartes' method requires more lime than fa_'tot'in_ out
the real roots sit)gly and consequently is not reuomnwnded

for gt,nt,ral use. These methods of solution are ('xttlaint'd

in tit,' followi,lff socl ions.

SOLUTION BY "I'RtAL BY MEANS OF SYNTHETIC DIVISION

Solution for real roots I)y trial l>v means of synthtqi('
division consists of sue('essive approximations of a root and

('hcf'king I)v sxnth(,tie division until lh(, root is (h, tevnfincd

to the desired degree of a('t.ura('y. This check hy syntlmtic
division is based on the fa(.l_ that if a is a ro(tt of a polynomial

f(x) then x--_t is a fa(.tor of.f(.r) and ('onst,(ttle/lllv no re-

mainder is left when./'(f) is divided I)y x--a.

Th(, n.,thod of solving tit(, stal)ility t)iquadrati(_ (,(luation

try trial with synlheti(' division is exphfin(,d in three sleps in

tit(, following sot.lions. First, the rule for syntheti(' division
and a mmwri("d example are giw,n. Set'end, the sl)e('ific

use of syntheti(' division for factoring a biquadratie is illus-

trated 1)y a simplified examph_ for which the roots arc known.

This examph, shows how the ('ul)i(, and |hen the qua(Ira(it

factors of tit(, hi(tuadrati(' are olttaim,(I. Third, the use of

synthetic division in extracting the roots of a representative

(.hara('terisli(' stability tti(lua(Iralic is illustrated with sp(,cial
refercn('e to nwlho(Is of making the tirst, apl)roximations of

the real roots.

Explanation of synthetic division. -Synthetic division is
explained in almost all algebra text hooks but is presented
herein for tit(, ('onvenienec of th(, reader. The rule for

synthetic division may be given as follows:

Assume that a polynomial in x (.[(._:)) is to be, divided by
x--t(; vcrite lhc (.oetli(.ients of the 1)olynomial in order,

supplying () when a (.oef|i('ient is la('king.

Multiply (t 1)v the livst ('ootli('ient, and add (al_et>rai('nll.v)

the I)ro(hiet to the next (.o(,[tici(,nt.

Mtdlittly this sun! t)y., a_hl lo the next ('oelli('ient, and

l)roct,ed tmlil all the ('()etti('ienls are used. The last sum is
the rema|in_hw and also the vahw of the polym)mial wh(,n.
is substituted for the varial)h, .r.

For example, divide._g 3./_-' 3/ .c--6 by,r--3

]-t 3t 3-- 1 {_

t :_ t-lS-_ 63t 1S6 3

I t6 t'21-{ i12-i 1S(i

Use of synthetic division in factoring out roots. The use
(if sxnthoti(" division to far'for oul ix,,'() known rational roots

of a i)i(luadrati(' (,qtmti[)n is illustrated I)y lhe following

simple{,xaml)le. Thest, two ralitmal roots represent the two
veal roots of the ,hara('t(wisti(' stalfility equation whir'h, of

(',)urs(,, are mr! normally km)wn 1)ul ('an be al)proxinmted I)y

the melhod given in the nexl set'(ion of this report.
()he factor of the hi(lua(h'alie is x--1 so there is no re-

mainder when li,' hi(tuadrati(' is divided ity the veer I

1 +3+3--1--6

4-1 +4+7+6 1

1+4-! 7-_(; 0

,"qin('e the remainder is 0, .t:--1 is one fa('tor of the Itiqua(h'alic

equation and x:_+4x_ 7x+(i is a/rather factor, hmsmueh
as a ('ultic equation must have at least one real root, a second

real root of th(, I)i(luadrati(' e(luation can b(' faetore(l out,

of the culti(,. For exanq)h, x+2 is a fat'(or so (livi(h_ the
cubic by the root -2.

1 +4+7 _-6

--2--4--6 --2

1+2+3 0

The factors of the I)iquadratic then art, x--l, x+2, and

x2-2x+3. The (luadrati(_ fa('tor ('an t)e solved for its

reels 1)y lhc qtla(h'atie formula. For exanq)le

--') ± _'4 -- 12
x= " =:--1±is2

2

Example of application to characteristic equation.--Rea-

sonably aceurat- first, a l)proxim.alions to th(' real roots of the

(.haracteristic (,quation (,an t)c obtaint,d fronl simph' formulas.
Su('('essively ('loser al)proximations ('atl then t)(' el)rained by

it, l,,rp,tlatinff from tho rt,naainders. The following example

RI
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illustrates the at)I)li('alion of thi,_ nwlho_[ t()oblaining llu,

roots of tit(, stability hiqmMrati('. The bi(imuh',tic

X_-_ 10.43X3-_ 16.:;2M _ {18.6X--9.1(}= 0

is of the form

AX_-H BX_+ CX'-'-+l)Xg E= ()

Sin('e the ('o(,ffi('i(,nt E is generally mm'h smaller than

eoeiti('ient D in l'tl:,ral stab|lily work, one of 11,, real roots

(usually the sInaller of the tw<>) is al}proxinmtvly equal to
--E/I) or it may |}e more {.h}s{,ly al}l)roximatt'(I by the

eq uat ion
E

('E
I)--

D

or for the Imrli('ular east,

-- 9.10

(16.32)(_ 9.10)-_ tL129
68.6 --

6_. 6

Apl}roximating the root by syntheti(' division

1 t 10.43-H16.32+{i8.{i--9.10 Approximation

-- .13-- 1.36+ 2.3+9.1_ .1284 2
F .13+ 1.86-t- 2.8+9.1 .1'29 1

1 -H 10.56-_ 17.(i8-t-70.(,)@ .04 1

1+ 10.56-? 17.68-] 70.9-_ 0

For this root, tim second approxinmtion wa_ determined by

dividing the ('oefli('ient E1)y lhe fourlh sum from i|w (luotien(

--9.10

70.9

This I)rocedure generally l}rovides a good s(,{'oml apt)roxi-
marion for lhe small real root.

The ('ul)ie (,q roll ion ot)! a im,d by selt ing

Xs+ 1().56X_+ 17.68Xq- 70.9

equal lo zero is of the form

aX:_÷bh:+cX+d--0

]n most laleral-stal)ility work, a real ro.t of this equation

will |:,e al)l)roxinmt{'ly eqmd io --b or it ma) I,e more closely
al)l)roximate{I by l|w equation

or for the particular ease

(10.56):_-_ 70.!)

(10.56) _-_ 17.68
-=--9.65

Al)proximalillg tl., root l,y synthetic divMon

1 : 10.56 - 17.68 + 70.9

9,4_ 10.20 70.9

- 9.49 10.16--71.4

-- 9.4_ -- 111.25--70.4

-- 9.45 - 10.50--67.9

- 9.55 9.64 76.8

-- 9.65 -- 8.78--85.9

1 ! 0.91 : 8.90-- 15.0

l 4 I.{)l 4 8.04-- 5.9

1 ! I.ll _ 7.18-[- 3.0

1 ! t.0,g 1 7.43-F 0.5

I _ 1.07 _ 7.52-- 0.5

lq I.[)75_ 7.48 0

--9.485

9.49

9.48

9.45

9.55

- 9.65

Approximat ion

{i

5

4

,}

1

1

,)

3

4

5

6

For lhis larg'{, rPal root there is no siml)h, method of deter-

mining the s{,,.,,t{t approximation as Ihere was in the {'as{, of

tim smaller rPal root. The m;lgnitu(h_ of tit{, estimated root

in this east, i: ar]}il ralily in('reased or de{'rt,ased slighlly from
the first approximation. From the ri,mMnders d(,tvrmitwd

from tim first lwo ,|)pr(}ximations, a fairly ('lose lhir{l ap-
proximation ('an then 1}(' made.

Fa{:toring lh(, {tmuh'at i{' eqtml ion ol}tained by sett ing

M+ 1.(}75X+ 7.4g

equM to zero l}v use of lhe quadrali(, formula gives the thm l

two roots of the t}hlua{lrali{, e{tuaiion

1.075± _ 1.16--29.92
2

---0.538:t:2.68i

The root_ of the, ]fi(tuadrati{_ equal|on may I)e che{:ke{l l)y
multiplying lit(, four factors to d{,lermin(, whether th(,ir

I)r'odu('i {'{luals the origirm, l t)i{lmMratic

(X --(}. 12,";4}( ,k _ !}4s5) (),q (}.5:],_ -: 2.68i) (X+ 0.538-- 2 68i =--=

(X2+9.4._7X - 1.22{})(X2-! - l.(}7h 77.47) =

X4-f 1().43X:* ] 1{i.32X 2 H68.(iX--9.1(}

SOLUTION BY DESCARTES" METHOD

l)escart(,s' method of solving a biqua{h'alic {'qua t ion is
l}arli(,ularly useful f{,r solving eqm_tions whi(.h {h} not have

any real roots. This method is explained in most text
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books oil advanced, alg(,bra and theory of (,qua tions. Ill

gen(,ral, the method consists of re(lu(dng tit(, 1)iqua(lratie

equation to '_ cul)i(_ equation whi('h can |)c solved easily.

()he loof of lhe cubic (,quaiion is used lo form t,wo qua.dra.lic

equations 11,' roots of whi(.h are used to obtain the roots of

t he t)i(lUa(|ra! h" equal ion.

Method. Reduc(_ the gener,1 biquadralic equation

to th(' form
k _ : bX :__ c),-'-}-<tX-}e=O

by dividing by .1.
()blain the vahtes of q, r and ._'from the following equa-

l ions :

r=d_bC +-I8 b3

bd, b'_c 3 b4
s:e--_4--l- l ti --256

33

an,] form the e(luati(,n

, 1 ,).r__ 1q'-4 '" o
and solve this cubic equation in a:e for one of its rools .d_0.

Solut.ion by Iria.l by me,ms of synthetic division i_ recom-
mended. [)elermine lhe values of l and m from lhe equa-

tions

/===q + ') r"_- r
2 "' 4.r

qior2i I'
11_ _-- _) T --' • 4.1:

SU|)slilute II1(' values of / and t;,_ altd the value of a: use(| in

obtaininv I and m in Ihi, equations

y2 _ 2xy + !-- 0

y"-- 2xy q m =_ I)

and solve these quadrati(' (,qua t ions for their roots y from
which the roots of lh(, 1)i(lua(h'al i(' ('(luntion nmy t)e obtained

from lhe following r(,la! ion:
b

X_y 4

APPENDIX D

SPECIAL NOTATION USED IN CAL(?ULATING MOTIONS WHEN THE CHARACTERISTIC EQUATION HAS COMPLEX ROOTS

When two of the tools X_ and X2 are conjugate ('Oml)h'x, the coeflM('nts A, and ,,1_,, I_ and IL,. ('_ and (',,_will t)(, conjugate

comph,x. If R-}-Ii is one of the roots X_ and if the powers of X_ "H'e expressed as

Xl_=: Rk-_ I_;
then

),t --: R1 + Ii;

X_'2 R..,+ I.,;

X13 = R3 -_ Iai

XI4 = [_4-] "]4;

X(' = t?_-.} Id

Suhstitulion of the roo! R+I_ in lhc (,xpression for ,It gives

(aoR_, + a _R4+ a2113+ a:d_ + ad_t + a,;)+ (ao L. + a _I, ÷ a,,.I,_-_- a 31,2+ a4 I_) i
1_= (6 A ll_ 4- 5Bll4 + 4 (' ll._+-3 DR.., -_-2ER,) + ((i,.:i I,_+ 51/I4 + 4 (' i_ -_-31) I_ +'2 E l,) i

The division of th(,s(, (.omph,x nuint)ers is indi('ate(l 1)5" the e(luation

:_+.yfi-- x2'_+y_ '_ -- x22+y2":

It is evident from these relations that A_ is a complex nun_ber. In this case new symbols are used to represent, the real and

inmginary parts of _'1_ as follows:

A2 is lhe conjugate of .1_ and will be referred to as

By pro(,(,dur('s similar lo lhos(' for lhe A co(,lli(,ients,

(b,dl_+ b,R, + b_R:_+ bdt..,+ b,R_ + b.;)+ ( b,,I._,+ b, I_ + b_ I:_+ b_ I_ + b4 l,) i

11_: _(6.t R_ + 5 BR4-_ 4( 'R:, + 3 I)R.., + 2 ER,) + (6 A It, + 5 B 14-_-4(, l_ -t-3 D le + 2 E lt) i
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whi,_.h rna.. 1:,. roferr(,d t,::, as

llli(]

Als(),

NAT[()NAL A])VISO]gY (?OMMVI'TEIq, [:()R AERONAUTICS

t"1 =:I_. + I_,;

1¢2-- R. l_;

i • , i
(cJ_.-, i cff_, + c':/_:,-_C:J{.2_. ( ff_m)+(_,/:._ c1[1 i ":/:_ i c.[._, ! c_/i);

('I--(i;.IR_L 5 BR, I 41'IL, : 31)R._, ¢ 2EIl,') _ ((;A l.; : 5111, ! 4¢'1:,4 31)1: ! 2E I_);

•,,vhMl may h., r('f,'rr(,d h:, m-;

('i R,_ ; L.i
l|ll[[

( '_ IIe I,,;

Simihlr ulml'.,-sis sI;ows l[lall, if the r(mls X:: ,_i,.l 2., _tl'o Mso (,()l|jll,_a|(, (!()llll)]o,_ _iml_iliti(,s (X:, I_' { ltll llll(l _k 4

A]s()_

IlIl( [

xvh('l'O

_imilarly.

and

wh('l'('

A._=R'a + I'1;

i f : t i 1 " , 1 , t 4 . .t (aoR :,@al]_ _ , a..[{ :, * <l:ll_'.2_ *I4R l+a_,)_(aj :,--+a,I i a..,l':,ga.J'.,4 aJ'_)i
"':_=(6.1R':-f SIIR'_ t 41'R'_ 3I)IF., t 2I_11'1)+(6,.11'; i 5Hl'_ ; 4('1'3+ 3IH'_,+ 9/,'t' _

/¢:, R'.2- l'z_;

114 R'I,-- l'.;

t i t t r

B (b_R -,_. b_R 4._ b.,ll .,-t b:_R'.2 t b4R'1+ b_) b (b,,l':._ b,I'4 _ b:I':_+ b:J'..q bJ',);
:_=(6.tR'.,- ;)ICR', ¢ 41"R'.I I 31)ll'2+ 21fll'd-_ (ti..ll':, ! 5/I/'_ i 4¢'I':, _ 3111'2 i 2['.'l'_)i

(':_= R'c i I'c;

('4 R'c-- l'c;

(,r_= (cdF:, + c,R'_-_ <el1 :_-+_3R 2@-C Jr ,)-_-(c.I'_-+ c_I'_ +eft':, t c:J',.+cd'_)i
• • f - _ _ t i , f " • t , t _ ) i

(OAR .;+olIR 4-_ 4< If :,-_ 3DR 2+21_R t)+(6AI -, + :d)I 4 + 41'I'_-_-31)I'.4 2El'Oi

I?' l';),lh,,n
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